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Abstract. The main result of the paper gives criteria for extendibility of 
sosquilinear form-valued mappings defined on symmetric subsets of *-semi- 
groups to positive definite ones. By specifying this we obtain new solutions of: 

• the truncated complex moment problem, 

• the truncated multidimensional trigonometric moment problem, 

• the truncated two-sided complex moment problem, 

as well as characterizations of unbounded subnormality and criteria for the 
existence of unitary power dilation. 



Introduction. In [63j a fairly general concept of ^-semigroups, which includes 
groups, ^-algebras and quite a number of instances in between, and positive definite 
functions on them has been originated by Sz.-Nagy. On the other hand, there are 
different notions which are related to positive definiteness: positivity of sequences 
in the theory of moments and complete positivity in C*-algebras. Positivity un- 
derstood in the sense of Marcel Riesz and HavilandQ usually ensures the sequence 
to be a moment one while complete positivity works for dilations (Stinespring, and 
what is equivalent, Sz.-Nagy, see |60| for the argument). 

If one goes beyond C*-algebras the two notions, positive definiteness and com- 
plete positivity, still make sense but are no longer equivalent. This happens when 
one deals with unbounded operator valued functions and moment problems on un- 
bounded sets. Therefore, there is a need of common treatment of these by means 
of forms over ^-semigroups, like in |59j . The aforesaid cases are represented in our 
paper by unbounded subnormal operators and the complex moment problem. In 
addition to this we also consider the "bounded" case of unitary dilations of several 
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operators and, what is related to, of the multidimensional trigonometric moment 
problem. 

A topic attracting attention of quite a number of mathematicians is extendibil- 
ity of functions to either positive definite or completely positive ones. The most 
classical result in this matter concerns groups. It states that every continuous posi- 
tive definite function on a closed subgroup of a locally compact abelian (or compact, 
not necessarily abelian) group extends to a continuous positive definite function on 
the whole group (cf. [32l Section 34.48(a)&(c)] and [H Theorem 3.16]). How- 
ever, leaving the topological requirements aside, each positive definite function on 
a subgroup of a group G extends by zero to a positive definite function on the 
whole G (cf. |321 Section 32.43(a)]). This procedure is no longer applicable to *- 
semigroups other than groups. What is more, not every positive definite function on 
a *-subsemigroup extends to a positive definite function on the whole ^-semigroup. 
This is best exemplified by the interplay between the ^-semigroups *Jt C ^+ as 
shown in [55| in connection with the complex moment problem (see Example |3] and 
Section [5] for the definitions). 

The situation becomes more complicated when one wants to extend positive 
definiteness from subsets of more relaxed structure, even in the case of groups. 
The classical result of Krein |36| on automatic extendibility of continuous positive 
definite functions from a symmetric interval to the whole real line suggests that 
symmetricity of the subset may be essential. This is somehow confirmed by |56j 
which contains a full characterization of several contractions having commuting 
unitary dilations. For more discussion of the role played by symmetry we refer to 
Section [5T2] The results contained in |4l |5] and [15j also corroborate the importance 
of symmetry, the latter concerns extensions to indefinite forms with finite number 
of negative squares. 

One of the main ideas of the present paper is to employ generalized polynomial 
functions to the extendibility criteria invented in |55j and |56| . What we get is 
strictly related to complete positivity of associated linear mappings. The original 
contribution consists in introducing complete f-positivity (cf. Theorems 1141 and llSp . 
This results, in particular, in the complex variant of the Riesz-Haviland theorem 
(cf . Theorem I20p ; the complete f-positivity is now written in terms of positivity of 
the associated linear functional on the set of all finite sums of squares of moduli of 
very special rational functions in variables z and z. 

Carefully selected applications are chosen as follows. Considering determining 
subsets of X<yi^ allows us to apply Theorems [14] and [15] to the complex moment 
problem (Theorem [20]) as well as to subnormal operators (Theorem [29|. Theorem 
1201 can be thought of as a truncated moment problem, however not in the usual 
sense of finite sections. Analogous results are formulated for the truncated multi- 
dimensional trigonometric moment problem and the truncated two-sided complex 
moment problem (cf. Theorems [34] and [40]) . Moreover, Theorem [32] contains a 
new characterization of finite systems of Hilbert space operators admitting unitary 
power dilations. 

Section [S] deals, inter alia, with approximation of nonnegative polynomials in 
indeterminates z and z by sums of finitely many squares of moduli of rational 
functions that arc bounded on a neighbourhood of the origin which is assumed 
to be their only possible singularity (cf. Proposition [36]). This can be compared 
to Artin's solution of the 17th Hilbert problem stating that every nonnegative 
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polynomial in z and f is a sum of finitely many squares of moduli of (a priori 
arbitrary) rational functions. The above approximation is no longer possible when 
considered on proper closed subsets of C, cf. Proposition [M] (see also Proposition 
[35] for the case of multivariable trigonometric polynomials). Similar approximation 
holds for multivariable trigonometric polynomials (cf. Proposition [38]). A more 
detailed discussion relating the theme to selected recent articles [22|,l29j is contained 
in Section [U 



Besides keeping Z, R, C for standard sets of integer, real and complex numbers, 
respectively, by Z+ we understand the set {0, 1,2, . . .}. Moreover, we adopt the 
notation T = {z g C: |2| = 1} and C* = C \ {0}. As usual, x<y stands for the 
characteristic function of cr, a subset of a set i7. A system {z^^lt^gi? of complex 
numbers is said to be finite if the set e J7: 7^ 0} is finite. 

1. Polynomials on dual ^-semigroup. Given a nonempty set /?, we de- 
note by the complex *-algebra of all complex functions on i7 with the algebra 
operations defined pointwisely and the involution 



The following fact reveals the idea standing behind the known characterization of 
linear independence of Laplace transforms of elements of a commutative semigroup 
(see [33] and [B] Proposition 6.1.8] for a pattern of the proof). 

Lemma 1. Let Q he a nonempty set and let Y C C^^ be a semigroup {with 
respect to the multiplication of C^^) containing the constant function 1. Then the 
following conditions are eguivalent: 

(i) Y separates points of f2 {equivalently: ifujily = S^|y, then u)\ = (^2); 

(ii) the system {cD|y}cjgr? is linearly independent in C^, 

where for uj E f2 the function uj: C^^ ^ C is defined by (jj{f ) = f{'^), f G . 

If the Y in Lemma [T] is not semigroup, then the implication (i)=>(ii) may not 
longer be true (cf. Example [3]). 

As far as abstract semigroups are concerned, we adhere to the multiplicative 
notation. A mapping 6 3s 1 — > s* E 6 defined on a semigroup 6 is called an 
involution if (st)* = t*s* and (s*)* = s for all s,t E &. A semigroup 6 equipped 
with an involution is said to be a ^-semigroup. It is clear that if & has a unit e, 
then e* ~ e. The set {.s G 6: s = s*} of all Hermitian elements of a ^-semigroup 
S is denoted by ©f,. For a nonempty subset T of a ^-semigroup 6, we write 
T* = {s*: s E T}; T is said to be symmetric if T = T*. Put [T] = [j'^^^T^^'K 
where T^"! stands for the set of all products of length n with factors in T. The 
set [T] is the smallest subsemigroup of & containing T. Under the assumption of 
commutativity of 6, the set [[TJ = {u*v: u,v E [T]} is a *-subscmigroup of S 
which does not have to contain any of the sets T and T*. Neither [T] nor [[TJ has 
to contain the unit of & even if it exists. 

Let S be a commutative ^-semigroup with a unit e. A function x : S ^ C is 
called a character of & if 
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(3) X{e) = 1. 

The set Xe of all characters of 6 is a ^-semigroup with respect to the multiplication 
and the involution of C®; Xe is called a dual ^-semigroup of ©. For every s € 6, 
we define the function s : Xe ^ C, modelled on the Fourier, Gelfand or Laplace 
transform, via 

s{x)=x{s), xeXe- 

The set {s: s g 6} will be denoted by 6. It follows from ^ and ^ that 
st ^ s-t and s* = s for all s, t G S, and e = 1. This means that 6 is a ^-semigroup 
with respect to the multiplication and the involution of C*'^. 

The set J^e of all complex functions on & vanishing off finite sets is a complex *- 
algebra with pointwise defined linear algebra operations, the algebra multiplication 
of convolution type 

(/*5)(«)= E f,9eT6,ue6, 

s,tee 

u—st 

and involution 

ris)^W), /e^e, see. 
For a nonempty subset T of 6, we define the linear subspace J-e.T of J^e via 
^6.T = {/ G J^e '■ f vanishes off the set T}. 

With the algebra operations defined above, Te.T is a subalgebra of if and only 
if T is a subsemigroup of ©; what is more, J^s,t is a symmetric subset of J^e if and 
only if T is a symmetric subset of 6 . The reader should be aware of the fact that 
if 6 is finite, then though the sets JFe and C® coincide their ^-algebra structures 
differ unless 6 is a singleton. 

Given a nonempty subset Y of Xe, we write V{Y) for the linear span of 
{s\y ■ s £ &} in C^. Clearly, P{Y) is a *-subalgebra of the *-algebra C^. No- 
tice that there exists a unique ^-algebra epimorphism Ay ■ ~* ^(^) such that 

Z\y(<5s) s|y, see, 

where 6s G J-e is the characteristic function of {s}. For a nonempty subset T of 
6, we write Vt{Y) ~ Ay-iJ^e^T)] the hnear space Vt{Y) coincides with the hnear 
span of {s\y ■ s G T}. 

In this paper we are interested in the case in which the *-algebra homomorphism 
Ay is injective. The following is a direct consequence of Lemma [TJ 

Proposition 2. IfY is a subsemigroup ofXe containing the constant function 
1, then the following conditions are equivalent 

(i) Ay is a ^-algebra isomorphism, 

(ii) the system {s|y}sge linearly independent in C^, 

(iii) Y separates the points of & [equivalently: if s\y — t\y , then s = t). 

2. Determining sets. A nonempty subset Y of Xe is called determining {for 
'P(Xe)) if it satisfies any of the equivalent conditions (i) and (ii) of Proposition [21 
If a subset Y of Xe is determining, then the mapping 

TTT,y ■ Vri^e) 3 w t-^ w\y e VriY) 

is a well defined *-algebra isomorphism (but not conversely, see the next section) . 
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It may happen that the whole dual ^-semigroup Xe does not separate the 
points of © and consequently Xe is not determining (cf. [fil Remarks 4.6.9(1)]). If 
Y is not a subscmigroup of Xe, then implication (iii)=>(ii) of Proposition [5] may 
fail to hold (implication (ii)=^(iii) is always true). To see this, we shall discuss a 
^-semigroup introduced in 1955 by Sz.-Nagy [63| for which the set 7^(X6) can be 
interpreted as the ring of all polynomials in z and z. 

Example 3. Equip the Cartesian product Z+ x Z_|_ with coordinatewise defined 
addition as semigroup operation, i.e. + {k,l) = (i + k,j + I), and involution 
(m,n)* = (n,m). The ^-semigroup so obtained will be denoted by 01. If C is 
thought of as a ^-semigroup with multiplication as semigroup operation and com- 
plex conjugation as involution, then the mapping 

Xgi9X^x(l,0)GC, 

being a ^-semigroup isomorphism, enables us to identify algebraically Xt^ with C. 
Under this identification, we have 

(4) (^i^){z) = z""!", m,neZ+, zeC. 

Note that by Q and Lemma[5] below the system {(m, n)} n)e'Xt linearly inde- 
pendent in C*'. Hence, the set 7'(Xrn) can be thought of as the ring C[z, z] of all 
complex polynomials in z and z. 

It turns out that it is possible to give satisfactory description of all subset of C 
separating the points of 01. 

Proposition 4. A subset Y of <C separates the points of 01 if and only if the 
following two conditions hold: 

(i) Y (tTLi{0}, 

(ii) ^i = {pj - z Cz Y \ {0}} ^ {w e C: w'^ = 1} for every integer k ^ 1. 

Proof. Suppose that Y does not satisfy the conjunction of conditions (i) and 
(ii). Then cither F C T U {0}, and hence z^z = z for all z G Y, ot Yi C {w £ 
C: = 1} for some 1, and hence = z^z^ for all z E Y. In both cases, Y 
cannot separate the points of Ot. 

Assume now that Y satisfies (i) and (ii). Take m, n,k,l € Z+ and suppose that 
2;'"z" = z'^z' for all z E Y. Taking absolute value of both sides of the equality and 
employing (i) we get 

(5) j=:m + n~k + l. 

Dividing both sides of z™z" = z'^z' by |zp gives = 1 for all w E Yi with 
X = m — n — {k — I). By (ii) this implies that >f = 0, which when combined with 
([5]| leads to (m, n) = [k, I). The proof is complete. □ 

We now indicate a class of subsets Y of X<yi which separate the points of Ot 
but which are not determining for T'{X<xi) — C[z,z]. Take a nonzero polynomial 
p E C[z, z] such that the set 

(6) Y/^{zEC:p{z,z)^0} 

is nonempty. Then evidently the functions {{m,n)\Yp'- m,n E Z+} arc linearly 
dependent in C^'f, and hence Yp is not determining for C[z, z]. Let us focus on the 
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case of circles and straight lines (which are always of the form ([6])). It follows from 
Proposition [4] that the ensuing sets do not separate the points of 91: 

- the unit circle T centered at the origin, 

- a straight line L such that S i and the points of i n T are complex 
>f- roots of 1 for some (necessarily even) integer x 2. 

All the other circles and straight lines do separate the points of 91 (in many cases 
they embrace 1). Surprisingly, one point sets, which are still of the form ([6]), may 
separate the points of 91. Indeed, by Proposition 21 if z S C \ (T U {0}) and ||j is 
not a complex >^-root of 1 for any integer x ^ 1, then {z} does separate the points 
of 91. 

Contrary to the case of sets separating the points of 91, one cannot expect any 
neat description of all determining sets for C[z, z]. Nevertheless, we may indicate 
some determining sets explicitly (see also Lemma fTTj) . 

Lemma 5. Suppose that Y <Z <C is either a union of infinitely many parallel 
straight lines or a union of infinitely many concentric circles. If {am,n}m,,nei, is 
a finite system of complex numbers such that X^m nez ~ ^ /'^'^ ^ ^ 
Y \ {0}, then a„i n — for all m, n e Z. 

Proof. Since the set {(m, n) e Z x Z: a„i.n 0} is finite, there exists an 
integer N ^ 1 such that a^.n ~ for all integers m, n such that m < —N or n < 
—TV. This implies that p{z) = n>-N '^■m,nZ^~^^ z'^'^^ is a complex polynomial 
in z and z vanishing on Y. In the case of straight lines, we can always find 9 e 
(— 7r/2, tt/2] such that the polynomial p(e'^z) vanishes on a union of infinitely many 
straight lines parallel to the real axis. Next, considering the complex polynomial 
p(e'^(a; + iy)) in two real variables x and y, we deduce that p{z) = for all z G C. 
In the other case, applying a suitable translation of the argument, we can assume 
that the common center of the circles is in the origin. Employing a well known 
identity principle for complex polynomials in z and z completes the proof in both 
cases. □ 

3. Complete positivity. Let S be a unital commutative ^-semigroup, T be a 
nonempty subset of S and F be a nonempty subset of Xe. Denote by VriY, the 
set of all functions from Y to l"^ of the form x ^ X^sgt x{s)xs, where {xsjseT C t"^ 
and = for all but a finite number of s's. Note that Vt{X: can be thought of 
as the algebraic tensor product VriY) ® P. We abbreviate re{Y,P) to r{Y,P). 
The standard notation [ak,iYki^i is used for nonnegativity of the scalar matrix 

For the linear space 

M"(Pt(1^)) = {[wk,i]Zi=i- Wk,i G VriY) for all fc, / = 1, . . . , m}, m > 1, 
its subsets 

MI\Vt{Y)) ^' {K,dM=i e M"^{Vt{Y)): HAx)]T,i=i > for aU x^Y) 

and 

W{Vt{Y)) M"^{Vt{Y)) n {[iPk,Pimi=i --Pi,--- ,Prn e V{Y,£')}, 

where {pk,pi)j is the function x ^ {pk{x)iPiix))e'^i turn out to be convex cones. 
Note that iipu...,p,n € V{Y,e), then [ipk,pi))]^^i^^ € WJ^iViY)). This im- 
plies that M^{VTiY)) C M™(7'T(i^)). One can also check that the square of each 
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matrix from W^'iVriY)) (respectively MI\Vt{Y))) belongs to M"^ {Vrm (Y)) (re- 
spectively M™(7^y[2] (y))). What is more, if F is a determining subset of Xg, then 
the mappings 

V{Xe,f)3p^p\Y eViY,f), 

(7) : M™(7't(X6)) 3 MT,i=^ ^ [wkAY]T.i=i e M"\rT{Y)l 
are linear isomorphisms and consequently 

(8) 4'"Y(Mr(^T(Xe))) = MnVTiY)). 

Lemma 6. If pi, . . . ,pm. G V{Y,£'^) and A = ^^en there exists 

a matrix P = [Pfc.j]feLij=i with entries pf^j S 'PlY) such that A ~ PP* , where 
P* = [Pj.kYk^i^i- Conversely, if P is a matrix of size m x n with entries in 
'P{Y), then PP* ~ [((PfciPi))]™;^! with some pi, . . . ,pm G 'P{Y,i'^). In particular, 
ifp e T{Y,P), then {{p,p} = J2"^^ jg^f with some q.j G T{Y). 

Proof. Takepi, . . . ,p,„ G ViY^l"^). Then there exists a finite orthonormal ba- 
sis {ej}"^j of the linear span of {jk^iPkiY). As a consequence, pk = J2^=iPkjGj 
with some pk.j € V{Y), and hence P = [pk.j]kLiJ=i the required matrix. Revers- 
ing the above reasoning concludes the proof. □ 

We now examine the behavior of the classes M["(7't(>")) and M'^(Vt{Y)) 
under the operation of transposing their members. 

Lemma 7. (i) // a matrix [wk.i]^i^i is a member of M^{'Pt{Y)), then the 
transposed matrix [it;i,A:]™;^]^ belongs to M™(7^t. (y)). 

(ii) Ifpi, ■ . . ,Pm G VriY, i'^), then there exist gi, . . . , G Vt* {Y, i'^) such that 

(9) {{PhPk} = iqk,qi}, k,l^l,...,m. 

Proof, (i) By nonnegativity of [wkd])^i^i, have wi^uix) = Wk,i{x) for all 
X e y and fc, / = 1, . . . , m. Hence, the application of ^ justifies (i). 

(ii) Arguing as in the proof of Lemma [6l we can write pk = 'Yl^=iPk.j^j with 
some pk^j e Vt{Y). Then 

n 

iPhPk)){x) = ^Pi.]{x)Pk,j{x) = ((9/c,g/)>(x), x&Y, 

where qtix) = YJj=i Pk,jix)(^j for X^Y. By (g]), the functions Y 3 Pfcj(x) G 
C belong to Vr'iY). This completes the proof. □ 

Let be a topological linear space and r be its topology. The closure of a 
subset of with respect to r is denoted by W . Given an integer m ^ 1, we 
write M™(F) for the linear space (with entrywise defined linear operations) of all 
TO by m matrices with entries in F. Identifying M"^{F) with the Cartesian product 
of TO^ copies of F, we may regard M'"(F) as a topological linear space with the 
product topology t^"^\ 

Call a nonempty subset Z of Xe T-bounde(^if sup^^^ lx('')l < oo for every s G 
T. It is obvious that a nonempty subset Z of Xg is T-bounded if and only if it is (T)- 
bounded, where (T) stands for the unital ^-semigroup generated by T. Note also 

Note that in view of Tychonoff's theorem ©-bounded sets coincide with subsets of Xg 
which are relatively compact in the topology of pointwise convergence on &. 
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that nonempty Z C Xe is T-bounded if and only if for every ( equivalent ly: for some) 
integer m ^ 1 and for every w £ M"^{Vt{Z)), sup^g^ llw'lx)!! < oo; here ||w(x)ll 
stands for the operator norm of the matrix w{x)- Denote by t^.y the locally convex 
topology on Vt{X) given by the system of seminorms w i— > sup^g^ l^(x)l indexed 

by T-bounded subsets Z of Y. Observe that the topology on M™(7't(>")) 
is identical with the locally convex topology given by the system of seminorms 
w ^ sup^g2 li^(x)li "^ith Z ranging over all T-bounded subsets of Y. It is clear 
that the topology r^"^ is stronger than the topology of pointwise convergence on 

Y . If Xe is equipped with the topology of pointwise convergence on 6, then r^'y 
is still stronger than the topology of uniform convergence on compact subsets of Y 
(see Footnote [2]). In turn, if there exist integers i, j, k,l ^ such that i + j ^ k + I 
and 

(10) s*'s^ = s*''s\ s e T, 

then sup^gjf^ lx(s)l 1 for every s G T. Hence, in this specific situation, the 
topology T^'y describes exactly the uniform convergence on Y. Property (jlOp holds 
for any T which is a unital commutative inverse semigroup (take i~l = l, 
and A; = 0, cf. [20]); in particular, this is the case for T being an abelian group with 
involution s* = s~^. 

Below we stick to the notations declared at the beginning of this section. 

Lemma 8. W/^{Vt{Y)) C MI^{Vt{Y)) C M^HV^^^^f; r = rf^^j^^. 

Proof. Only the second inclusion has to be justified. Consider a [[T]]-bounded 
subset Z oiY and take w = [wk.i]2\=i G M™(7^t(F)). By Lemma[7l the transpose 
w of ui is a member of M'^{'Pt-'{Y)). Note also that |l'y(x)|| = ||w(x)|| for every 
X &Y, and consequently, M = sup^g^ lk(x)ll < oo- Without loss of generality we 
can assume that M > 0. By the Weierstrass theorem, there exists a sequence of 
real polynomials {pn}^=i vanishing at which tends to the square root function 
uniformly on [0, M]. For x & Y, we denote by y/ v{x) the square root of v{x)- As 
for every x G ■Z^ the norm of the nonnegative matrix v{x) is less than or equal to 
M, we get 



(11) sup \\\/v{x) - Pnivix))\\ ^ sup \^/x-pn{x)\, 71^1. 

xez xe[o,M] 

Let {ek}^^i be the standard '0-1' basis of C™. Write pn{v)ek for the function 
Y B X ^ Pn{v{x))ek G t"^ (after a natural identification). Since Pri(O) = 0, we see 
that pn{v)ek e VYr']{Y,e) and hence [ipn{v)ek, Pn{v)ei))Xli^^ G WpiVfriiY)). It 
follows from pip that [l,Pn{v)ek, Pn{v)ei)jYk i=i converges uniformly on Z to w = 
[^fc,']™i=i as n ^ oo, where Vk,i{x) = {\/v{x)ek, \/v{x)ei) for x G F. Since 
Vk,i{x) («(x)efc,ez) = W(,fc(x) = Wfc.i(x), x e F, A:, ? = 1, . . . , m, 

and the class of [[T]]-bounded subsets of Y is directed upwards by inclusion, the 
proof is complete. □ 

Remark 9. By the proof of LemmalU every matrix in yi™{VT{Y)) can be ap- 
proximated in the topology T^^^y by means of matrices of the form [ipk,Pi)l]'ki=i G 
Winn^Y)), where pi, . . . G P[T*](i^,^'). 
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Let T) he a complex linear space. Denote by S{T>) the set of all sesquilinear 
forms on V. For every integer m ^ 1, we define: 

M"(5(2?)) = : ^kj e S{V) for all fc, Z = 1, . . . , m} , 

M-(5(2?)) = {[cpkAi:,i=, e yr\s{v)): [cl^kA'j:,i=, » 0}, 

where the notation [4ik,i\k'i=i ^ ^ means that 



^ (f>k,i{hk, hi)^0 for aU hi,..., h,n € V. 

k.l=l 

We say that a mapping ^ : & —t S{'D) is positive definite if 

m 

^ ^{sUk){HM)>Q 

kd=l 

for every integer m ^ 1 and for all si, . . . , G & and hi, ... , hm G f • 

Suppose that y is a determining subset of Xe • Then for every mapping <P : T — > 
5(1?), there exists a unique linear mapping A^^y ■ "PTiY) ~^ ^{1)) such that 

(12) A^,Yis\Y)^^{s), seT. 

We say that the mapping A^ y is completely positive if for every integer m ^ 1, 

4;5^(M™(7'T(r))) c M^ism, 

where yl^"^^: M™('Pt(>")) ^ M™(5(X')) is a hnear mapping defined by 

A'^^ki^kAT.i^i) = [A^.y{w,j)]T,i^i, [wkAT.i=i e m™(7't(f)). 

A^^Y is said to be completely f-positive if for every integer m ^ 1, 

4"5^(M™(Pt(>^))) C M™(5(I?)). 

Apparently, complete positivity implies complete f-positivity. If y = Xe , we shall 
abbreviate A,p^Y (^^'"y respectively) to A^, (/l^'^ respectively). 

We now show that the notion of complete f-positivity of A^^y does not depend 
on the choice of determining set Y. 

Proposition 10. Suppose that 6 is a unital commutative ^-semigroup and T 
is a nonempty subset of&. Let V be a complex linear space and T — > S(T>) be 
a mapping. If Y and Z are determining subsets of Xe, then A^^y is completely 
f-positive if and only if A,p^z is completely f-positive. 

Proof. The proof reduces to the case Z = Xe- By ([7]) and p2)) we have 

4"^o4";)=4"), m = i,2,..., 

which, together with ([H]), implies the desired equivalence. □ 

For a complex linear space V, we denote by g-D the locally convex topology 
on S{'D) given by the system of seminorms (j) '-^ l'/*(/iff)l indexed by all the pairs 
(/) (?) G I> X P. Clearly, the topology g-o is nothing else than that of pointwise 
convergence onV xV, and therefore it can be regarded as an analogue of the weak 
operator topology on the set of bounded linear operators on a Hilbert space. 
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Proposition 11. Assume that & is a unital commutative ^-semigroup, T is 
a nonempty subset of & such that [[T]] C T , and Y is a determining subsets of 
Xe- Let V be a complex linear space and (P: T S{T>) be a mapping. Suppose 
that the mapping A<p^Y ■ i'PT{Y)i'rT,Y) ^ {S{'D),gx>) is continuous. Then A^^y is 
completely f-positive if and only if A,p,Y is completely positive. 

Proof. One can check that the assumed continuity of /l<f_y imphes that of 

4"^: (M™(7't(1^)),4';^) - {M"^{Sm,g^^^), m= 1,2,... 

Hence, by the g^^'-closedness of M"'(5(I?)) and Lcmma[8l we arrive at the desired 
conclusion. □ 

Regarding Propositionllll note that if T is a *-subseniigroup of a unital commu- 
tative ^-semigroup 6 (T need not be unital), then [[TJ C T. The reverse implication 
is not true in general. In fact, it may happen that [[T]] C T although T is not a 
subsemigroup of S and T ^ T* (thus neither T C [[Tj nor T* C [[T]] holds). We 
leave it to the reader to verify that this is the case for the subset 

T = {{k,l) e fR: fc ^ 1, Z ^ l}UTo 

of the *-semigroup 01 considered in Example [31 where Tq is a proper subset of 
{(fc,0) e^: k^l} containing (1,0). 

4. Criteria for extendibility. As mentioned in Introduction, not every posi- 
tive definite function on 01 extends to a positive definite function on the ^-semigroup 
01+ (see Example [3] and Section [5] for the definitions). However, if we impose a 
stronger positivity-like condition on a function defined on 01 (in the language of 

this is positive definitencss with respect to 01+ ), then it is extendable to a pos- 
itive definite function on 01+, and reversely (cf. |55j ). The property of extendibility 
of positive definite functions was characterized likewise in |55j also in the case of 
*-subsemigroups of abstract (unital commutative) *-semigroups. This led the au- 
thors of |55j to find a new solution of the complex moment problem (not to mention 
other extension results). The key feature that made this approach successful was 
the semiperfcctness of 01+, the property guaranteeing that every positive definite 
function on 01+ is a moment function, i.e. it has the Laplace-type integral repre- 
sentation on the dual ^-semigroup of 01+. Inspired by this. Bisgaard attached to 
any ^-semigroup & an enveloping perfec10 ^-semigroup such that the set of all 
moment functions on S coincides with the set of all functions which are positive 
definite with respect to £2 (cf. [llj ). The instance of semiperfect (but not perfect) 
^-semigroup 01+ as an extending *-semigroup for 01 shows that semiperfcctness is 
sufficient as far as moment problems are concerned. Though there is a limited 
freedom of choice of an extending semiperfect ^-semigroup for a fixed ^-semigroup, 
it can by no means be chosen arbitrarily, as indicated in the discussion concerning 
the inclusions (22) in |55| . In this section we are looking for criteria that guar- 
antee positive definite extendibility of mappings defined on symmetric subsets of 
(operator) semiperfect *-semigroups. As a result, we obtain the characterizations of 
"truncated " moment functions enriching those in [551 156j with the new positivity 
conditions of the Riesz-Haviland type. 



i.e. semiperfect witli the uniqueness of integral representation 
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Suppose that M is a cr-algebra of subsets of a set X 7^ and I? is a complex 
linear space. A mapping ^: M S{T>) is called a semispectral measur^ on M if 
fi{ ■ )(/, /) is a finite positive measure for every f £ V. 

Let S be a unital commutative ^-semigroup. Denote by Me the smallest cr- 
algebra of subsets of Xe with respect to which all the transforms s, s £ &, are 
measurable. Following [8] , we say that & is operator semiperfect if for any complex 
linear space 2? and for any positive definite mapping ll': & —> S{T>) there exists a 
semispectral measure /x: Mg — > S{T>) such that 



here and forth all the integrands are tacitly assumed to be summable. An equivalent 
definition of operator semiperfectness may be stated in a matrix-type form, as shown 
in [8]. 

Note that if Xe is equipped with the topology of pointwise convergence on 6, 
then the transforms s, s £ 6, are continuous, and consequently the cr-algebra Me 
is contained in the cr-algebra of all Borel subsets of Xe (the equality does not hold 
in general). It is also clear that if M is a cr-algebra of subsets of Xe such that 
Me C M and /x is a semispectral measure on M satisfying ([13]), then the restriction 
of /i to Me satisfies (fT3|) as well. 

Lemma 12. Let & be a unital commutative ^-semigroup whose dual *-semi- 
group Xe is determining and let T be a nonempty subset of 6. Suppose that a 
complex linear space T) and a mapping <P: T S{T>) are given. 

(i) If fi: M ^ '5(1?) is a semispectral measure on a a-algebra M of subsets of 
Xe, Me C M and Y is a determining subset of Xe such that Y £ M and 



JY 

then A^ Y is completely positive. 
(ii) If T = & and A4, is completely f-positive, then <P is positive definite. 

In particular, if 6 is operator semiperfect and T ~ &, then <1> is positive definite if 
and only if A4, is completely f-positive or equivalently if A,p is completely positive. 

Proof, (i) Take [wk,i]l]i^i & W^iVriY)) and ei,...,e„ e V. Notice that 
the complex measures /x( • )(ei, ej), i, j S {1, . . . , to}, are absolutely continuous with 
respect to some finite positive measure on M (e.g. — X^i" 1 m( ' )(ei, e^)). By 
the Radon-Nikodym theorem, there exists a system of M-measurable 

complex functions on Xe such that /x(cr)(ei, Cj) = j^hijdv for all cr G M. Since 
[/z(cr)(ei, ej)]™-^;^ ^ for every cr e M, one can show (see the proof of [391 Theorem 
6.4]) that there exists Z eU such that v{Xe \ Z) = and [/i/cj(x)]"z=i ^ 



With the natural identification of bounded linear operators with sesquilinear forms, our 
definition subsumes the elassical semispectral operator- valued measures (cf. [39]). 



(13) 




This equality is to be understood in the following sense 
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every Z. Let for x G Z, [ak,i{x)Xk.i=i ^^"^ square root of [hk,i{x)Xk.i=i- Si'^ce 
K,i(x)]";=i > for every x e F and \ (F n Z)) = 0, we get 

rn ^ rn „ m 

^ yl4,,y(wfc,;)(efc,e;) = / ^ Wfej/ifcj di^ = / Wkdakjoijdiy ^ 0. 

(ii) Take finite sequences si,...,Sm S & and ei,...,em G P. It is eas- 
ily seen that [sfcS;*]™;^i € Mf"('P(Xe))- By complete f-positivity of A,p, we get 
X]r;=i ^(5z*5fe)(6fei Gi) ^ 0> which finishes the proof. □ 

We now deal with the question of when a 5(I?)-valued mapping extends from a 
subset T of S to a positive definite mapping on the whole of 6. The following result 
is the main tool in our considerations. It is proved as a consequence of Theorem 1 
of |56| (in fact, a prototype of this theorem appeared in [55]). Below, we interpret 
the algebraic tensor product jTg (g) i'^ as the collection of all ^^-valued functions on 
6 vanishing off finite sets. Revoking the definition of ©f, from page [3] it may be 
convenient for further references to detach the following condition 

(14) r is a symmetric subset of 6 containing 

Lemma 13. Suppose that 6 is a unital commutative *-sem,igroup, T satisfies 
(|14p and Y is a determining subset of Xs ■ IfD is a complex linear space, then for 
every mapping (P: T S{'D) the following three conditions are equivalent: 

(i) ^ extends to a positive definite mapping W: & S{'D), 

(ii) YJki=iY.s,t(ie'^{t*s){ek,ei){\k{s),\i{t))i2 ^ for every integer m > 1 

t*s6T 

and for all finite systems {e„}™^j^ C "D and {A„}™^]^ C Tq ® P' such that 

(15) EMee(^^(s)'Aj(i))^^ =0' t^e6\T, *,j = l,...,m, 

s—u 

(iii) vl^.y is completely f-positive. 

Proof. (i)<J4>(ii) The reader can convince himself that condition (ii) of |56[ 
Theorem 1] is equivalent to our condition (ii); note that this can be shown directly, 
without recourse to the proof given therein. Hence, our equivalence (i)<4>(ii) is a 
consequence of |561 Theorem 1] . 

(ii)^(iii) Fix an integer m ^ 1. Take w = [iPk,Pi))]T.i=i ^ M["(7't(>")) with 
Pi, ■ ■ ■ ,Pm G V{Y, £^). Then there exist Ai, . . . , A„i e J^e ^ such that 

(16) Pfc(x) = ^x(s)Afc(s), xeY,k^l,...,m. 

see 

It is clear that 

(17) (pfe(x),Pi(x))£2 = 51 ^(") H (^''(*)'^'(*))^=' X&Y, k,l = l,...,m. 

«6S s,tee 

t* s—u 

Since w E M"'-{'Pt{Y)) and Y is determining, we see that p7|) implies (fTSjl . It 
follows from ((T5|), (HH) and (ii) that 

rn ni 

J2 ^i',YiiPk,Pi)))iek,ei) ^ J2 J2 XI ^(")(^fc'^')(^'=(*)'^'(^))^' 
k,l = l kd = l u£T s,tee 

t* s—u 
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ni 



J2 E '^{t*s){ek,ei){Xk{s),Xi{t))i^^O 



kd=i s,tee 



t*s6T 



for all vectors ei, . . . , Cm G 2?. This shows that Atp y is completely f-positive. 

Reversing the above reasoning, we infer (ii) from (iii); to see this, for fixed 
Ai, . . . , Am S consider pi, . . . ,p,n £ 'P{Y, defined by (fTHll . This completes 



With the above discussions, we are in a position to state the main result of the 
paper which supplies criteria for extendibility to a positive definite function. 

Theorem f4. Suppose that & is an operator semiperfect ^-semigroup, T sat- 
isfies (|14[) and Y is a determining subset of Xe • If T) is a complex linear space, 
then for every mapping <P: T S{'D) the following four conditions are equivalent: 

(i) ^ extends to a positive definite mapping W: & S{'D), 

(ii) ^(s) = Jx^ for '^^^ s Cz T with some semispectral measure fi on Mq, 

(iii) A4, is completely positiv^, 

(iv) yl^>_y is completely f-positive. 

Proof. (i)=J>(ii) Use operator semiperfectness of 6. 

(ii)=>(i) Since |sp = s*s and s*s G T for every s G 6, we sec that the function 
s is square summable with respect to fi for every s e (3. This enables us to define 
the mapping 6 ^ '5(1?) by 



It follows from Lemma [T^ that tf' is a positive definite extension of <P. 

(i) <;^(iv) Apply Lemma [T3l 

(ii) =>(iii) This is a consequence of Lemma [T2l 

(iii) ^(iv) Since (iii) implies (iv) with Y = Xe, we see that is completely 
f-positive. An application of Proposition [10] guarantees that A^ y is completely 
f-positive as well. This completes the proof. □ 

We now turn to the the case of scalar functions. A unital commutative *- 
semigroup & is called semiperfect (cf. [8]) if for any positive definite function 
6 C there exists a finite positive measure ^ on Me such that 



Evidently, operator semiperfectness implies semiperfectness but not conversely as 
indicated by Bisgaard in [12j . The following is a scalar counterpart of Theorem [T4l 

Theorem 15. Suppose that & is a semiperfect '^-semigroup, T satisfies (jl4p 
and Y is a determining subset of Xe- Then for every function </?: T — > C the 
following four conditions are equivalent: 

(i) Lp extends to a positive definite function ip: 6 ^ C, 

(ii) ^{s) = Jj^ sd^ for all s G T with some positive measure ^ on Mg, 

(iii) A^p{p) ^ for every p G 7't(Xs) such that p{x) for all x G Xg, 

^ It follows from our assumptions that Xq is determining, which makes it legitimate to 
consider yl$. 



the proof. 



□ 
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(iv) Aip_Yip) ^ f'^^ every p G VriY) for which there exist finitely many 
functions gi, . . . , g„ G V{Y) such that p{x) = ki(x)P; X&Y- 

Proof. Note first that the functional A^p is completely positive if and only 
if (iii) holds. Indeed, if (iii) holds and w = Kj]"j=i € M™(7't(Xs)), then for 

every A = (Ai,...,Am) G C™, the function px = AiAjW^j G Vri^e) is 

nonnegative on Xe , and consequently 

m 

AiAjyl^(Wij) = A^{px) ^ 0. 

i,i=l 

This means that [A^p{wij)]™j^i ^ 0. The reverse implication is obvious. 

The next observation is that the functional A^p^y is completely f-positive if and 
only if (iv) holds. Indeed, if (iv) holds and w ^ [iPk,Pi))]T.i=i S M["(Pt(>")) with 
some pi, . . . ,pm S V{Y, £^), then for every A = (Ai, . . . , Am) G C™, the function 
= '^iPi belongs to ViY, whereas ((/a, ^a)) is in Vt^^- Hence, by Lemma 

|6j we have 

m 

A,A7yl^,y(((p„Pj))) ^ Ap,Y{iqx,q\)l) ^ 0, 

which means that [^ip.y (((pt,Pj)))]"j=i 0. The reverse implication is plain. 

The above enables us to adapt the proof of Theorem[T3]to the present context. 

□ 



Applications 

5. The truncated complex moment problem. The ^-semigroup we 
intend to investigate comes from }55j . It plays a crucial role in the complex moment 
problem. The initial part of this section is devoted to a description of Vt^) in 
this particular case. 

Denote by the ^-semigroup ({(m, n) G ZxZim + n 0},+,*) with 
coordinatewise defined addition as semigroup operation and involution (m, n)* = 
{n,m). Owing to [55\ Remark 7], the dual ^-semigroup Xrn+ can be identified 
algebraically with the *-subsemigroup (J7U({0}xT), •, *) of the product ^-semigroup 
(C X T, •, *) (with coordinatewise defined multiplication as semigroup operation and 
involution {z,w)* = {z,w)), where 

r2 = {(z,zz-i): zgCJ. 
Under this identification, (m, n) is given by 

if z 7^ 0, 
if z = and m + n > 0, 

w"^ if z = and m + n = 0, 

for all (z, w) G i? U ({0} x T) and (m, n) G Given a subset Z of C*, we write 

(19) Yz = {{z,zz-^): z e Z} (Z n. 
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By the above identification, we see that if T is a nonempty subset of *3^+, then 
VriXz) niay be regarded as the set of all rational functions p on Z of the form 

(20) v{z,z)= ^ez, 

(m,n)GT 

where {am.n\{m,n)^T C C is a finite system. 

For a subset T of Z x Z, we denote by Ct(z, z) the set of all rational functions 
p of the form ([^0]) with Z = C» ({am,n}(m,n)GT C C is a finite system). If T C 91, 
where *Tt is as in Example [31 then <Ct{z,z) coincides with the set Ct[z, z] of all 
complex polynomials in z and z whose coefficients vanish for all indices in T. If 
T = Dl, then we abbreviate ^t[z, z] to C[z, z\. It is worth noticing that members of 
C(n^(z,z) are functions, which are bounded on every punctured disc {z € C: < 
\z\ ^ i?}, i? > 0. This is due to the fact that all terms z™z" with m + n ^ 
share this property. As a consequence, the set <C<yi^[z,z.) is essentially smaller 
than Czxz(z,z). In fact, members of <C<yi^{z,z) can be characterized by their 
boundedness on the fixed punctured disc {z£ C: 0< \z\ ^ 1}. 

Proposition 16. If p (z <Czxz{z, z), then the following conditions are equiva- 
lent 

(i) p e Cm+{z,z), 

(n) sup{|p(z, z)| : z e C, < |z| ^ 1} < oo. 

Proof. Since the implication (i)=J>(ii) has been clarified above, we can focus on 
the implication (ii)=J>(i). Assume that (ii) holds and p is as in ((20l) with T — Z xZ, 
and Z = C*. We may write the rational function p in the form p = Po + Pj' 
where fc is a positive integer, pq e Cfn+ (z, z) and 

(21) Pj{z,z)= a^,nz'^'z^ = \z\-' 

m-\-n——j m-\-n——j 



z 


m 


Z 


n 


.R 




.R 





for z e C* and j = 1, . . . , fc. Then 

|z|'=-Vfe(z,z) = |z|'=-i(p(z,z)-po(^;,^)-X!pj(^'^))' 



fc-i 



which, together with (ii) and (PT|) . implies that the function z i-^ |z|'^~^pfc(z, z) is 
bounded on{z£ C: 0< |z| ^ 1}. Substituting z = re'^ with real 9 and r > 0, and 
using (|2ip . we deduce that Pfc(-z, z) = for all z G C*. Repeating this argument, we 
see that pi(z, z) = . . . = Pk{z, z) = for all z G C*. By Lemma O this completes 
the proof. □ 

Given T C Z x Z, we say that a subset Z of C, is determining for Ct(z,z) 
(or shorter: Ct{z, z)- determining) if every rational function p G Ct{z, z) vanishing 
on Z (i.e. p{z,z) — for all z G Z) vanishes on C,. By Lemma [SJ the set Z is 
Ct(z, z)-determining if and only if the system of functions z i— >■ z™z", (m, n) G T, 
is linearly independent in . If T C Z+ x Z+, then we allow to be a member 
of a determining set. Clearly, if T C Z x Z and Z C C» is a determining set for 
Czxz(z,z), then Z is determining for Ct(z,z). The reverse is not true, e.g. for 
T = {(n, n): n G Z+} and Z = {z G C* : z = z}. Lemma [5] provides examples of 
Czxz(-z, z)-determining sets. A particular class of them is indicated below. 



16 



D. CICHON, J. STOCHEL, AND F. H. SZAFRANIEC 



Lemma 17. // the interior of a set Z C C* is not empty, then Z is Czxziz, z)- 
determining. 

The following simple fact is crucial for further investigations. It enables us to 
deal with the complex plane instead of a larger and less handy dual ^-semigroup 

Lemma 18. A subset Z o/C* is determining for C<yi_^{z,z) if and only if the 
set Yz defined in ()19p is determining for 7'(X(n^). 

Proof. Apply Lemma [5] and the description of □ 

The next lemma guarantees that a subset Z of C is determining for C[z, z] if 
and only if Z \ {0} is determining for C(y;_|_(z, z). 

Lemma 19. If Z is a subset ofC, then the following conditions are equivalent 

(i) Z is determining for C[z , z] , 

(ii) Z \ Zq is determining for C[z, z] whenever Zq d C is finite, 

(iii) Z \ (Zq U {0}) is determining for Czxziz, z) whenever Zq d C is finite. 

Proof. (i)=>(ui) Suppose that Zq = {Ai,...,Afc} and take p e Czxz.{z,z) 
such that p{z,z) = for all z £ Z \ {Zq U {0}). Then for a sufficiently large 
positive integer N the rational function q{z, z) = z^ z^ iz — \\)...{z— Xk)p{z, z) is 
a polynomial in z and z such that q{z^ z) ~ Q for all z £ Z . By (i). q{z, z) — Q for 
all z € C, and so p{z, z) = for all z G C \ [Zq U {0}). As a consequence, p{z, z) = 
for all z S C*. 

Implications (iii)=^>(ii) and (ii)=>(i) arc evident. □ 

A sequence {cm,n}m n=o C C is called a complex moment sequence if there 
exists a positive Borel measure ^ on C such that 

2'"z"/^(dz), m,n^O. 

Such a measure /i is called a representing measure of {cm.njm n=oi 
means unique. If a representing measure pL is unique, then {cm,n\m n=o called a 
determinate complex moment sequence. For this and related questions we refer the 
reader to [48]. and [55]. 

The following result is an extension of Theorem 1 of [55j as well as of the 
complex version of the Riesz-Haviland theorem (see Theorem B). The first of the 
two theorems can be seen as the equivalence (i)^(iii) below with T = Z+ x Z+, 
while the other as the equivalence (i)<=>(iv) with the same T . 



+ o + o o 

+ + o o • 

o + o • o 

o + • o o 

o • + + + 

• o o o + 

-o + o + +- 
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Figure 1. T appearing in Theorem [20] - an example: 
• - obligatory data, + - additional data, o - missing data. 

Theorem 20. Let T be a symmetric subset of x (i.e. {n,m) G T for 
all [m^n) e T) containing the diagonal {(ri, n): n G and let Z d C be a de- 

termining set for C[z, z]. Then for any system of complex numbers {c,„.n}(m,n)eT7 
the following conditions are equivalent: 

(i) there exists a positive Borel measure fi on C such that 

Cm,„ = / ^"z'Xdz), (m,n)eT, 
Jc 

(ii) there exists a complex moment sequence {cm,n}m n=o such that Cm,n = 
c,n.n for all (m, n) e T, 

(iii) there exist^ {cm,7i}m+ri^o C C such that c,„,„ = c,„,„ for all {m,n) € T, 

and J2rn+n^n Crn+q,n+p^m,n^p.q ^ for all finite systcms {Am,„}m+„^o C 
p+q>o 

c, 

(i'^) J2{m,n)eTP^n,nCm,n ^ for cvcry finite system {pm,7i}{m,n)eT C C such 
that J2{,n „)eTP™-"^™^" ^ for all z e C, 

(V) E(m. 

n)sTPin,nCm,n ^ for cvcry finite system {pm,n}{m.n)eT C C for 
which there exist finitely many rational functions qi, . . . ,qk G C<xt^{z, z) 
such that „)gTP™>n^'"^" = I]i=i for all z eC, z^Q, 

(vi) Z](m,n)GTP™."'^™." ^ ^ /^'^ '^'^'^'■2/ System {Pr,i,n}{m,n)eT C C /or 

which there exist finitely many rational functions qi, . . . ,qk G C(n^(z, z) 

such that Y.{m,n)eTP"^,-n^"'^" = Y.j=i /o'^ an z G z 7^ 0. 

Proof. (i)=>(ii) Since {(n,n): n G Z+j C T, we see that complex polyno- 
mials in z and z are summable with respect to fi. Hence, we can define Cm.n = 
Jj, z™z"'/x(d2;) for m, n G which is the desired complex moment sequence. 

(ii)<4>(iii) This can be deduced from [551 Theorem 1]. 

Implications (ii)=>(i), (i)=>(iv) and (iv)=>(v) are evident. 

(v) =>(vi) By Lemma [TOl Z \ {0} is a determining set for Cfn+(^, z). Since both 
sides of the equality in (vi) are members of C<j;_^ (z, z), and they coincide on Z\ {0}, 
we deduce that they are equal on C*. 

(vi) =4>(iii) In view of Lemmata [TH| and 1191 yz\{o} is a determining set for 
V{'X<n^). Since 01+ is a semiperfect ^-semigroup (this can be deduced frorrQ [551 Re- 
mark 7]), we can apply implication (iv)^(i) of Theorem [T5] to S = Y = Xz\{o} 
and ip{m,n) ~ c„i_„. This completes the proof. □ 

Let us point out the difference between the usual meaning of the truncated 
(complex) moment problem (where a finite system of complex numbers is given) 
and that appearing in Theorem l201 One of our assumptions requires for a system of 
complex numbers {cm, n)eTi which is the given data, to include all the diagonal 
entries Cm.m, m = 0, 1, 2, . . . This enabled us to show that the most direct analogue 
of the complex version of the Riesz-Haviland theorem for the truncated moment 

^ Notation m + n ^ has to be understood as (m, n) g Z X Z and m -|- n 0. 
Indeed, in view of the discussion preceding Lemma ll2l we see that our meaning of semipcr- 
fectness is wider than that of 1551 Remark 7]. The interested reader can verify that for finitely 
generated unital commutative *-semigroups, like Ot^-, both these notions are equivalent. 
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problem in our meaning is true. In a recent paper [2H Example 2.1], Curto and 
Fialkow have shown that this is not the case for the truncated moment problem 
in the usual sense. Instead, they have found an analogue of the Riesz-Haviland 
theorem, which requires extending appropriate linear functionals on polynomials of 
degree limited by 2n to positive linear functionals on polynomials of degree limited 
by 2n + 2 (cf. [HI Theorem 2.2.]). 

5.1. The case of (/i T. In this subsection we show that the assump- 

tion that T contains the diagonal {(n,n): n €E Z+j cannot be dismissed without 
destroying the equivalences (i)<^(ii) as well as (i)<^(iv) of Theorem [20l 

Example 21. Clearly, the implication (ii)=5>(i) of Theorem [20] holds for an 
arbitrary subset T of Z+ x Z+. The reverse implication does not hold in general 
even if T contains all but a finite number of the diagonal elements (hence all but 
a finite number of the moments exist). This can be shown for any subset T of 
Z+ X Z+ such that (0, 0) ^ T and 

{(m, n) e Z+ X Z_|_ : m,n ^ k} G T 

with some integer fc ^ 1. For this, define the positive Borel measure fj. on <C via 
d/i(z) = \z\^'^r]{z)dV{z), where V stands for the planar Lebesgue measure and 77 is 
the characteristic function of the disc Z\ = {2 e C: |z| ^ 1}. Since (0,0) ^ T, the 
system Cm,n = /c ■2;'"^"d/L<(z), {m,n) € T, is well defined and fulfils the condition 

(i) of Theorem [2U1 Suppose that, contrary to our claim, it satisfies the condition 

(ii) of Theorem [201 Then there exists a finite positive Borel measure 1/ on C such 
that Cm,n — /c z"''z"'di'{z) for all (m, n) G T. Hence, we have 

/ z"z"|zpMT/(z) = / Z™f"|z|2'=+2dl/(z), 771,71 eZ+. 
J A Jc 

Since the left-hand side represents a determinate complex moment sequence indexed 
by (771, n) (as it has a compactly supported representing measure), we see that 

\z\^''r,{z)dV{z) = \z\'^''+^di^{z). 

It follows that /i(C,) = i^(C,) < 00, which is a contradiction because fi is not a 
finite measure. This proves our claim. 

In view of |55| Theorem 1], the extension procedure required in the condition 
(ii) of Theorem [201 can be realized in two steps: first we have to extend the system 
{cm.n}{m,n)GT to a positivc definite system over the ^-semigroup and then to a 
positive definite system over 9^+ . The first step can be done in a more explicit way 
for *-ideals T of 01 (i.e. T = T* and T 01 C T) as in [M] ; see also [37l (5^ [50 | for 
earlier attempts in this direction. However, the *-ideal technique is not applicable 
in the other step when extending positive definite functions from 01 to Ol^. This 
situation requires methods invented in [55] . 

We next consider the case of the equivalence (i)<J=>(iv) of Theorem [20l 

Example 22. It is evident that the imphcation (i)=^>(iv) of Theorem [20l holds 
for sets T not necessarily containing the diagonal {(771, ttt.) : m G Z+}. The reverse 
implication does not hold in general, which can be shown for all sets T such that 

(22) {(fc, k), {I, 0} C T C {{m, 7i) e Z+ X Z+ : 777, 77 ^ fc}, 

where fc, I are integers such that 1 ^ fc < Indeed, consider the system c = 
{(5o,m+n-2fc}(m,n)GT; whcrc Sij is thc Kroucckcr delta function. It can be readily 



EXTENDING POSITIVE DEFINITENESS 



19 



checked that c satisfies the condition (iv) of Theorem [20] (see the hmit formula in 
the proof of (b)^(a) of Proposition [23]). Suppose that, contrary to our claim, it 
satisfies the condition (i) of Theorem [^D] with some positive Borel measure /i on C. 
Then 1 = 5o,o = |^:p'^d/i(z) and ~ '5o.2(i-fc) = |2;p'd/i(z). The latter equality 
implies that /i is supported in {0}, which contradicts the former (because fc ^ 1). 
In the extremal case T may consist of only two elements, which is the smallest 
possible number required for the above argument because for one point sets T of 
the form {{k,k)} with k G Z+ the equivalence (i)<^(iv) of Theorem [20] is valid. 
Note also that if T = {(0, 0), {I, I)} with / ^ 1, then the system {cm.n}{m,n)£T C C 
given by co,o = and cij = 1 satisfies the condition (iv) of Theorem [20l but not (i). 

The ensuing proposition shows that for a subclass of sets T satisfying (|22|) the 
condition (iv) of Theorem [20] leads to a representation similar (but not equivalent 
if fc ^ 1) to that in (i) of Theorem [20] Proposition [23l is somehow in the fiavour of 
|62j where backward extensions of moment sequences are considered. 

Proposition 23. Let T be a symmetric subset of x Z_|_ such that 

(23) {(m, m) eZ+xZ+:m^ k} CT C {(m, n) G Z+ x Z+ : m, n ^ k} 

with some integer k ^ 0, and let {cm,n}{m,n)£T be a system of complex numbers. 
Then the following conditions are equivalent: 

i^) Y.{m,n)<^TP-m.nCm.n ^ for cvcry finite system {pm,n}{rn,n)eT C C such 

that J2{rn,n)eTP"i,nz''^z" ^ for all z G C, 
(b) there exist a positive Borel measure fi on C and a real a ^ such that 

^ii{0}) = and 



In particular, \z\'^''dij.{z) < oo for the measure /i appearing in (b). 

Proof. Let A: Ct[z, z] — > C be a linear functional determined by A{z"^z") = 
Cm.n for all (to, n) G T. A polynomial p G C[z, z] is called nonnegative if p{z, z) ^ 
for all zeC. 

(a)=>(b) Note that the set = {(m — k,n ~ k): (m, n) G T} satisfies the as- 
sumptions of Theorem [20l Since A{z''z''q{z, z)) ^ for all nonnegative polynomials 
q G Ct^ [z, z], we infer from the implication (iv)=^(i) of Theorem[20l that there exists 
a finite positive Borel measure v on C such that A{z'^z''q{z, z)) — q{z, z)di/(z) 
for all q G Ct^ [z,z]. Hence 



(24) 




(m, n) G T. 



A{z''z''{z 



,m — k -n — k 




z"-'=z"-'=di/(z) 




where is the positive Borel measure on C given by 




(T - a Borel subset of C. 



This /i and a = i^({0}) satisfy (b) as well as the "in particular" part of the conclu- 
sion. 
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(b)=>(a) Pick a nonncgative polynomial p G Ct[2:,2:] and denote its {k,k)- 
coefRcient by pk.k- Then A(j)) = J^p(z,z)dp.{z) + apk,k which is nonnegative be- 
cause p is nonnegative and pk^k = liniz-^o \z\^'^^p{z, z). □ 

Clearly, the implication (b)=>(a) of Proposition holds with the same proof 
if it is only assumed that T is a (not necessarily symmetric) subset of the set 
{(m, n) € Z+ X Z_|. : m, n ^ /c} with some integer k ^ 0. Note also that for every 
integer k ^ 1 and for every symmetric subset T of Z_|_ x 2+ satisfying ((23|) , we may 
find a system {cm,n}{m,n)eT fulfilling the condition (b) of Proposition 1231 with fi 
such that Jj, |zp'^d/z(z) < oo and |zp'd/i(z) = oo for all / = 0, . . . , /c — 1. Indeed, 
such a system can be produced with the help of the formula (|24p with a = and fi 
given by d/Lt(z) = \z\~'^''ri{z)dV (z) , where r] and V are as in Example [211 

5.2. The lack of symmetry. The phenomenon described below is of general 
nature and as such occurs in other instances, like the truncated multidimensional 
trigonometric moment problem (cf. Theorem I34[) and the truncated two-sided com- 
plex moment problem (cf . Theorem I40|) . Let us discuss it in the case of the trun- 
cated complex moment problem, which is related to the ^-semigroup leaving 
the other cases for the reader. 

Consider a not necessarily symmetric set T such that 

(25) (m+)n cTcm 

and look at what happens to the equivalence of the conditions (i)-(vi) of Theorem 
[20l (the other assumptions of Theorem [20] being still in force). First of all, we see 
the two natural candidates for replacing T by a symmetric set: TUT* and T HT* , 
both satisfying ((25)) . As shown below, the set TUT* plays an essential role in 
conditions (i)-(iii) while TOT* does so in (iv)-(vi); because these two sets for 
very nonsymmetric T's may differ in the extreme the aforesaid feature seems to be 
worthy of taking a closer look at. 

Call a system {cm,n}{m,n)£T C symmetrizable if 

Cm,n = c^, (m, n)eTnT*. 

If {cm,n}{m.n)eT IS symmctrizablc, then its symmetrization {<^rn,ri\{m,n)£T\jT*'- 




Cm,n, {171,71) eT, 

c^, {m,n)eT*, 



is well defined. One can verify that if a system {cm,n}{m.n)£T C C satisfies (i) 
(respectively: (ii), (iii)) on T, then it is symmetrizable and its symmetrization 
satisfies (i) (respectively: (ii), (iii)) on TU T*, and vice versa. Theorem [20l implies 
that, via the symmetrization procedure, for any set T obeying (|25p the conditions 
(i)-(iii) are equivalent on T. 

Regarding the conditions (iv)-(vi), their prospective equivalence needs to be 
justified in a different way. Namely, a system {cm,n}{m,n)GT C C fulfils (iv) (respec- 
tively: (v), (vi)) on T if and only if the restricted system {cm,n}{m,n)£TnT' fulfils 
(iv) (respectively: (v), (vi)) on TCiT* (hence Cm,„'s over T\T* are irrelevant). 
Indeed, this can be deduced from the fact that a real- valued polynomial p € C[z, z] 
belongs to Ct[z, z] if and only if it belongs to Ctht* [z, z] (hint: conjugate the poly- 
nomial p and deduce thai Pm,n = Pn,m, where p,„_„ are the coefficients ofp). Hence, 
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by Theorem [20l for any set T satisfying ([25|) the conditions (iv)-(vi) are equivalent 
on T. If this happens, then the system {cm,n}{7n,n)<^T is symmetrizable. 

Since, in fact, the conditions (i)~(iii) concern the extension of the system 
(m,n)eT to TUT*, while (iv)-(vi) deal with its restriction to T n T*, it 
is to be expected that they cannot be altogether equivalent for arbitrary T. In- 
deed, consider any nonsymmetric set T satisfying ([25]) and take {k,l) G T\T*. 
Suppose that a system {cm.n}{m,n)£T C C fulfils the conditions (iv)-(vi) on T (e.g. 
any restriction to T of a complex moment sequence does). Define the new system 

(cm,n, {m,n) e T\{{kJ)}, 



[ ^/ck,kCi,i + 1, (to, n) = (fc, I). 

Owing to the above discussion the so defined system satisfies the conditions (iv)- 
(vi), but fails to satisfy any of the conditions (i)-(iii), because otherwise by the 
Cauchy-Schwarz inequality we would have |cfc,ip ^ c.k^kCi,i = Ck,kCij, a contradic- 
tion. This means that Theorem [20] is not true as long as T satisfying ([SS]) is not 
symmetric. In other words, symmetricity of T is a necessary condition for Theorem 
Unito hold. 

However, it becomes now clear that for an arbitrary set T satisfying (|25[) a 
seemingly more general version of Theorem [20l can be considered. Putting it pre- 
cisely, for a symmetrizable system {cm,n}{m,n)£T all the conditions (i)-(vi) remain 
equivalent if in the conditions (iv)-(vi) the system {cm,n}{m,n)eT is replaced by its 
symmetrization {c5,j,„}(™,„)gTuT* ■ 

5.3. Sum-square representation. We say that a locally convex topology 
T on the linear space C[z, z] is evaluable if the set 

{A e C: the evaluation Ex : C[z, z] B p i-^ p{X, A) € C is r-continuous} 

is dense in C. The class of such topologies is rich. In particular, it contains every 
locally convex topology on C[2,z] generated by the family {E\: A S Z}, where Z 
is a dense subset of C. This fact, the linear independence of {Ex : X £ C} and 
[46( Theorem 3.10] imply that there exist two evaluable topologies such that the 
only linear functional on C[z, z] continuous with respect to each of them is the zero 
functional. 

One can deduce from Artin's solution of the 17th Hilbert problem (cf. [3] or [141 
Theorem 6.1.1]; see also |43l 142] for the case of positive homogeneous polynomials) 
that for every nonnegative polynomial p G C[z,z] (i.e. p(z,z) > for all z G C), 
there exist finitely many rational functions (71 , . . . , g„ in two complex variables such 
that p{z,z) — X]j=i foi' all z e C except singularities of the right-hand 

side of the equality. The question arises whether general rational functions in the 
above representation of p can be replaced by specific ones from <C<yi^{z, z). Though 
we are unable to answer this question in full generality, we can do it in the case in 
which the nonnegativity of p and its sum-square representation is considered on a 
closed proper subset Z of C which is determining for C[z,z]. For convenience we 
denote by S'^{Z) the set of all polynomials q G C[z,z] for which there exist finitely 
many rational functions (71, . . . , g„ G Cfn+ {z, z) such that 

n 

(26) g(^,z)==^lg,(z,z)l2, zGZ\{Q}. 

i=i 
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Perhaps this is the right place to mention that if q e C[2, is of the form (j26|) with 
Z = <C and qi, . . . ,qn G Czxz(z, z), then by Proposition [16] the rational functions 
qi, . . . ,qn must belong to C<yx^ (z, z). 

Proposition 24. Let Z be a closed proper subset of C which is determining 
for C[z,z] anii let t be an evaluable locally convex topology on C[z,z]. Then there 
exists a polynomial p e C[z, z] which is nonnegative on Z and which does not belong 
to the T-closure of S^{Z). In particular, p is not in S'^{Z). 

Proof. Denote by iP^{Z) the set of all polynomials q £ C[z,z] which are 
nonnegative on Z (i.e. q{z, z) ^ for all z G Z) and write IJ^{Z) for the r-closure 
of E'^{Z). It follows from our assumptions that there exists A e C \ ^ such that the 
evaluation E\ is r-continuous. By the determining property of Z\ {0} (cf. Lemma 
Hg), we have E^{Z) = ^^(C). Hence 

(27) Ex{q)^0, q&S^\ 

Since X ^ Z, there exists real e > such that {z G C: \z — X\ ^ e} C C \ Z . It is 
then clear that the polynomial pe(z, z) = |z — — belongs to l3^~^{Z). Note that 
Pe ^ S'^{Z) . Indeed, otherwise ([27]) implies that E\{p^) ^ 0, which contradicts 
Ex{p,) = ~e\ □ 

The proof of Proposition [51] remains unchanged if we assume only that t is a 
locally convex topology on C[z, z] for which there exists A G C \ Z such that the 
evaluation Ex is r-continuous. 

5.4. Determining sets versus supports of representing measures. No- 
tice that no determining set is mentioned in the condition (v) of Theorem l20l On the 
other hand, this condition remains equivalent to the variety of conditions obtained 
from (vi) by taking all C[z, z]-determining subsets Z of C. The same observation 
refers to the mutual relationship between (iv) and (vi) . Our intension now is to see 
what happens if in (iv) the phrase "z € C" is replaced by "z G ; denote such 
a modified condition by (iv)^ (the same operation applied to (v) leads to (vi)). 
Evidently, if a system {cm,n\(m,n)^T satisfies (iv)^, then it also satisfies (iv). We 
will discuss the following two questions: 

1° given a symmetric set T obeying ([25]) and a nonzero system {cm,n\(m.n)£T 
of complex numbers, is (iv) equivalent to (iv)^ for any C[z, z]-determining 
set Z c C? 

2° given a symmetric set T obeying ([25]) and a closed@ proper subset Z of 
C, is (iv) equivalent to (iv)^ for any system {cm.n\(m,n)i^T C C? 
We will use the notation 

Y, = {|zp : z e y} and ^/Y, = {|z| : z eY} for any F C C. 

Observe that if Y is closed, then so are Y^ and \/Y^. In order to handle the questions 
just posed, we need the following lemma. 

Lemma 25. If T obeys (|25p . Z is a subset of C and {crn,n}{7n,n)£T 'Z C is a 
system satisfying (iv)^, then {cm,m\m=Q Stieltjes moment sequence which has 
a representing measure supported in Z^. 



Note that (iv)^ is equivalent to (iv)-g- for any Z C C. 
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Proof. If ^(a;) = J2j=oPj^'' ^ nonnegativc on Zy, thenp(zz) G Ct[z, z] 

is nonnegativc on Z, and consequently, by (iv)^. X]j=o Pi'^Jj' ^ ^- -^PP^Y^'^^S The- 
orem A with >f = 1, we see that the Stieltjes moment sequence {cm,m}m=o ^ 
desired representing measure. □ 

The answer to the question 1° is in the negative. Indeed, take a nonzero 
system {cm,n}{m.n)eT C C satisfying (iv) and suppose that, contrary to our claim, 
the system satisfies (iv)^ for all C[z, z]-detcrmining sets Z G C In particular, 
this is the case for Zi = {z e C: |z| s$ 1} and Z2 = {z G C: 2 s$ |z| 3} (for 
their determining property sec Lemma[5]). By Lemma [25l {cm,m}m=o ^ Stieltjes 
moment sequence having two representing measures supported in [0, 1] and [4,9], 
respectively. Since each Hamburger moment sequence with a compactly supported 
representing measure is determinate (cf. [23j ). we deduce that the support of the 
unique representing measure of {cm,m}m=o empty. Therefore Cm,m = for all 
m g Z+. By Theorem [20](i) and the Cauchy-Schwarz inequality, we have |cm,nP ^ 
Cm,mCn,n = for all (m, n) e T, a contradiction. 

Regarding the question 1° with T = 91, it is possible to find a complex mo- 
ment sequence {cm,n\mn=o which fulfils (iv)^ with uncountably many pairwise 
disjoint sets Z. To sec this consider any indeterminate Hamburger moment se- 
quence {flnlj^o *- ^^'i ^'^^ Cm.n = 0-m+n for m,n € Z+ . It foUows from |49[ 
Theorem 4.11] that {a„}^o has a family W (necessarily of cardinality continuum) 
of representing measures /i whose closed supports supp fi arc infinite and pure point 
(i.e. with no cluster points), and form a partition of the real line. It is now easily 
seen that the closed sets Z,, {z G C: SHez G supp/i}, fi G W, are determining 
for C[z,z] (see Lemma [5]) and the sequence {cm,n}m n=o satisfies (iv)^^ for every 
H G W. Note that the family {Z^}^g^ is a partition of C. An example of an in- 
determinate Hamburger moment sequence {an}^=o with explicitly computed pure 
point supports of representing measures forming a partition of M may be found in 
[19j (see also |18j for an explicit example of an indeterminate Stieltjes moment 
sequence with continuum of representing measures). 

The answer to the question 2° depends essentially on the interplay between 
the sets T and Z. We do not demand that Z be C[z, z]-determining, however, 
this can be guaranteed in all the examples presented below. We will first take 
a closer look at the extremal case T = 91 (the other cxtrcmality T = {^+)tj is 
discussed below). Then any determinate nonzero complex moment sequence with 
the representing measure supported mC\Z satisfies (iv) , but not (iv) z , the latter 
being a consequence of Theorem B. Such a moment sequence always exists; e.g. it 
can be produced from any nonzero finite positive Borel measure on C compactly 
supported in C \ Z; for the determinacy of the so obtained moment sequence see 
[23j . Hence, in this particular case, the answer to the question 2° is in the negative. 
An alternative way to achieve this conclusion is by applying Proposition 1281 below. 

Another instance of the negative answer to 2° is when T and Z are as in 2° 
and Z^ ^ [0,c»). For this we may consider a nonzero complex moment sequence 
{cm.,n}m n=o with a representing measure compactly supported in the open set 
{A G C: |Ap ^ Zr}. By the measure transport theorem (or Lemma [25|l the Stieltjes 
moment sequence {cm,m}m=o ^ representing measure compactly supported in 
[0, oo) \ Zj- and as such is determinate. It turns out that the system {cm,n}{m,n}£T 
satisfies (iv), but not (iv)^. Indeed, if it satisfied (iv)^, then by Lemma [25] the 
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moment sequence {cm,m}m=o would have a representing measure supported in Z^. 
Again we would deduce that the representing measure of {cm,m}m=o ^^e zero 
measure and hence Cm,n = for all m^n ^ Z_|_, a contradiction. 

However, the answer to the question 2° is in the affirmative when T = (^+)[) 
and = [0,oo). To sec this it suffices to notice that for every F C C the system 
{cm,n}(m,n)e(^n+)i, Satisfies {iv)Y if and only if the sequence {cm,m}m=o satisfies the 
Riesz-Haviland positivity condition on Yr, i-e. z2j=oPj'^3 j ^ ^ ^'^^ every polynomial 
Pi^) = Ylj=oPj-'^'' ^ "^N which is nonnegative on Y^. Since Z,- — Cr = [0,oo), we 
get the desired conclusion. 

We now provide more elaborate examples of T and Z for which the answer to 
the question 2° remains affirmative. Fix integers I > k ^ and set 

^w = (Di+)„u{(fc,o,a,fc)}. 

Clearly, i is symmetric and fulfils By Proposition E51 below, the answer 

to the question 2° is in the affirmative whenever / — fc is even, T = i and 
^=^(S)'Wl^ere 

ir(a) = {£>c": t e [0,a], £» > 0}, ae[0,27r]; 

note that due to Lemma [T71 the set 3f{a) is C[z, z] -determining for a > 0. The 
case of I — k being an arbitrary integer greater than or equal to 2 will be settled 
affirmatively in Proposition [27] below, however its proof making use of Theorem 
[20l is no longer elementary. What is more, while Proposition [26] is stated purely 
in terms of the system {cm,n}(m,n)GT: this seems to be impossible in the case of 
Proposition [57] (apart from some restricted cases in which the square root can be 
approximated by polynomials in L^-norm with respect to a representing measure of 
{cm,m}m=0' ^'S- whcu the representing measure is N-extremal, cf. |49|). According 
to footnote [8] and the equality {Z)^ = Z^^ there is no loss of generality in assuming 
that Z is closed. 

Proposition 26. Let T ~ 51-,; witli >c= (Z — fc)/2 being a positive integer and 
let Z be a closed C[z, z]- determining subset of C such that 

(28) {pe'*: t e [O,^), C Z. 

Then for any system {cjn,n}{7n,n)eT ^ ^ following conditions are equivalent: 
(m,ri)eT satisfies (iv)^, 
(b) the sequence {cm,m}m=o satisfies the Riesz-Haviland positivity condition 
on Z^, Q,fe =Cfc7 and \ck,i \ s% Ck+^,k+^- 
In particular, if C Z C, then the answer to the question 2° is in the 

affirmative. 

Proof, (a)^(b) The Riesz-Haviland positivity condition for {cm,m}m=o 
been already discussed in the proof of Lemma [25] Notice that for every € C such 
that 16*1 ^ 1, the polynomial 

2{zz)''+'' + Oz^z^ + Oz^z^ = 2{zzf+''' + 2 ?He(6'z'z'=) 

is nonnegative on C. Hence, by (a), 2ck+i^,k+>t + Oci^k + Sc^j ^ for all ^^ £ C 
with \9\ ^ 1. Substituting successively 9 = 0, 6 ^ I and 6* = i, we deduce that 
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Ck+>t,k+>c ^ and Q.fe = Ck,i- In turn, taking 6 such that 16*1 = 1 and Oci^k = 
we obtain the remaining inequahty in (b). 



(b)=>(a) Assume that p(z, z) = EjloPj^^^-' + + ^ ^ f™' all z G Z 
(poi ■ ■ • ,Pn,S, 9 G C). Since Z is a determining set for C[z, z], we see that 6^9 
and pj € R for all j. As gie'* e Z for aU t e [0, ^) and g G i/Zr) we get 



N 

+2f?2(fc+-)fRe(0e2'^*) =p(^)e'^ee-") ^0, t G 



0,^ 



Since the numbers 2>ft, t G [0, ■^), exhaust the whole interval [0, 27r), we deduce 
that E^oPje^-' -2|6'|£>2(fe+^) ^ for all g G By the Riesz-Haviland positivity 

condition, we see that J2jLoPj'^j,j ~ '^\9\ck+M.k+>! ^ 0- Owing to this inequality 
and (b), we conclude that 

AT 

-9ci,k - 9ck,i = -2mei9ci,k) ^ 2|6'||c/,fc| 2\e\ck+^.k+>r ^ X^Pj^"' 

3=0 

which shows that {cm,n}(m,n)£T satisfies (iv)^. 

The "in particular" part of the conclusion follows from Lemma [T7] and the 
equivalence (a)<^(b) (because = d = [0,oo)). □ 

Note that if Z — fc is even, then by Theorem A and the measure transport theorem 
the condition (b) of Proposition [21] is equivalent to the condition (b) below. The 
key observation is that the integral Jjp g'^^''diy{g) is equal to Ck+ft.k+>i:- 

Proposition 27. Let T = £^k.i with I > k and let Z be a closed subset of 
C satisfying (j28p . Given a system {cm,n}(m,n)£T C C, consider the following two 
conditions: 

(m,n)eT satisfies (iv)^, 
(b) there exists a finite positive Borel measure v on [0, cx)) supported in ^fZ^ 
such that Cm.m = /[o £'^'"di/(£») for all m G Z+, ci^k = and \ck,i\ ^ 

Then (b) implies (a). If additionally Z,. = [0, oo) or {c„ijn}m=o determinate 
Stieltjes moment sequence, then (a) implies (b). In particular, <Z Z C 

with I ^ k ^ 2, then the answer to the question 2° is in the affirmative. 

Proof, (a)^(b) Since {cm,n}(m,n)<£T evidently satisfies (iv), we deduce from 
Theorem [20] that there exists a positive Borel measure /i on C such that Cm,n = 
/j, z™z"d/x(z) for all (m, n) G T. Clearly, c^k = WJ- Applying the measure trans- 
port theorem, we see that the finite positive Borel measure v on [0, oo) defined via 
i/(cr) = fi{{z G C: |z| G cr}) for Borel subsets cr of [0,oo) satisfies the first equality 
in (b). The inequality in (b) can be justified as follows: 

lcfc.il < / |z|'+'d/i(z) = / g'+'di^ig). 

Jc "'[0,00) 

Thus the case of Zy = [0,oo) is settled. If Z,- ^ [0,oo) and {cm,m}m=o ^ deter- 
minate Stieltjes moment sequence, then by Lemma [55] and the measure transport 
theorem we deduce that the measure u is supported in ^/Z^. 
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(b)^(a) By the inequality in (b), there exists 9 £ C such that 16*1 ^ 1 and 
Ck.i = g^^^di'{g). It is easily seen that there exist (not necessarily distinct) 

numbers <i,i2 G [0, Stt) such that 9 = ^(e'*! + e'*^). Let ^ be a positive Borel 
measure on [0,2n) supported in with C({j}) = C({j}) = 5: where 

j = I — k. Define the Borcl measure /i on C via 

f^i'^) ~ / / XCT(6'c'*)di^(£))dC(i), cr - Borel subset of C. 

J[0,27r) J[0,oo) 

It is a matter of routine to verify that Cm,n = z™z'"-d^{z) for all (m, n) G T 
(hint: ^ Jj^ e'^*dC(t)). One can show that the closed support of the measure 
fi is contained in the set 

(29) {f?e"i/^ : g £ v^} U {g&''/^ : g e v^}, 

which in view of (j28p is a subset of Z. This implies that the system {c,n,n}{m.n)£T 
satisfies (iv)^. Observe that the construction of the measure fj, is based on the 
possibility of representing 9 as an arithmetic mean of two complex numbers of 
absolute value 1. In fact, the same proof works if 9 is represented as a finite convex 
combination of complex numbers of absolute value 1, in which case the closed 
support of ^ consists of a finite number of sets of the type appearing in ((29|) . 

The "in particular" part of the conclusion follows from the equivalence (a)<=>(b) 
which is valid because = Cr = [0, 00). □ 

The following proposition shows that the angle appearing in the assumption 
of Propositions [^andlTTl is optimal, i.e. it cannot be made smaller. It is worth 
pointing out that if I = k + 1, then the assumption below is satisfied by any 
proper subset Z of C. 

Proposition 28. Let T be a symmetric subset of such that 3^k,i C T for 
some integers I > k ^ and let Z be a closed subset of C for which there exists 
A e C such that 

(30) {z eC: z^-'' ^ X} CC\Z. 

Then there exists a system {cm.n}{m,n)eT C C which satisfies (iv), but not (iv)^. 
In particular, if Z C 3f{a) with a G [O, j^), then the answer to the question 2° is 
in the negative. 

Proof. Put j = I — k. Without loss of generality we may assume that A 7^ 0. 
Then there exists e > such that 

(31) 0^Z\e = {zeC: W -X\ <e}cC\(ZU{0}). 

To see this suppose that Ai, . . . , Aj are all the complex j-roots of A. By ([50)1 and 
the closedness of Z, there exists (5 > such that min„g{i \z — A„| ^ 6 for all 

z G Z U {0}. Since — A = nn=i('^ ^ ^^'^ consequently 

( min |z-A„|)^ < rr |z- A„| = A|, z G C, 

n — 1 

we deduce that Ae is contained in C \ (Z U {0}) whenever e ^ . 

Consider a nonzero finite positive Borel measure /i on C compactly supported 
in the open set A;,. Set Cm,n = z'"z"'d/i(z) for (m, n) gT and 
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p{z,z) = Izp'^dz^'-Ap-e^) = ^'^'_Az'z^-Az'=f' + (|Ap-£2)^fc^fc^ ^eC. 

Plainly, p S Ct[z, z]. By (pij) . we see that z) for all z € Z and z) < 
for all z G (because ^ Ag). Evidently, {cm,n}(m,n)eT satisfies (iv), but not 
(iv)^, because /i 7^ and 

ci,i - Xci^k - Xck.i + (|Ap - e^)cfe,fc = / z)d/i(z) < 0. 

J A, 

To prove the "in particular" part of the conclusion note that A = e'^^ satisfies 
([50)1 for any 6 G (a, 2ti/ j). The proof is complete. □ 

Summing up, the case of sets 5^. ^ serves as a good elucidation of the interplay 
between T and Z which is crucial when dealing with the question 2°. In the table 
below we gather information concerning this question; we keep the assumptions on 
T and Z made therein. 



Answer 


T 


z 


NO 


arbitrary 


Z, g [0, 00) 


Td STkj, l-k-^l 


Z satisfies JSO]) 


TZ^ .%j,l-k^ 1 


Z d ir(a), ae [0,^) 


TD ^fe,fc+i, fc ^ 


arbitrary 


YES 


T=%jA~k^ 2 






= [0,00) 



To justify the 'YES' part of the table one should notice that if T' C T, Z C Z' 
and the answer to the question 2° is in the affirmative for T and Z, then it is so 
for T' and Z' . In turn, the 'NO' part requires contraposition, i.e. if the answer to 
2° is in the negative for T' and Z', then it is so for T and Z . In view of these 
properties and the table above, if T = ^T'k.i with I — k ^ 1 and Z = I^{a), then the 
answer to the question 2° is in the negative for a e [0, and in the affirmative 
forae [^,27r). 

6. Subnormality. Let iS be a densely defined linear operator in a complex 
Hilbert space H with domain !^{S). We say that 5* is subnormal if there exist a 
complex Hilbert space K. and a normal operator N inlC such that 7i C /C (isometric 
embedding), ^{S) C ^{N) and Sh = Nh for all h e &{S). For fundamentals of 
the theory of unbounded subnormal operators we refer the reader to [521 1531 154j . 

The following characterization of subnormality simplifies substantially that of 
|53[ Theorem 3] (one double sum turns out to be redundant). As in [53], it is 
intrinsic in a sense that no extension is involved. Theorem [29] is also related to part 
(iv) of [55|. Theorem 37] which in the case of ^ = is equivalent to condition (iii) 
below. 

Theorem 29. Let S be a densely defined linear operator in a complex Hilbert 
space Ti. such that S{&{S)) C ^{S). If Z G is a determining set for C[z,z], 
then the following conditions are equivalent: 

(i) S is subnormal, 
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(ii) for every system {a]]^g}p^gjQ;:'"n C C, if 

m n 

(32) J2 <'f<, APA«z,z, > 0, A, zi , . . . , z„, e C, 

then 

m n 

(iii) /or every system {ftpf^lp q^o'"'™ C C, if there is a finite matrix 
with entries in <C<yt^{z,z) such that 



(34) E «pf9^''^' = E*.'(^'^)'?J''(^'^)' AG Z, z,j = l,...,m, 

p,g=0 1=1 

then (|33p holds. 

Proof. The proof of implication (i)=^(ii) proceeds along the same lines as the 
proof of the "only if" part of [53[ Theorem 3] . The other possibility is to argue as 
in the proof of Lemma [T^fi). 

(ii)^(iii) First note that if ([51)1 holds, then, by the determining property of Z 
(cf. Lemma [T5)) . the equality in is valid for all A G C*. It is then easily seen 
that ([32]) holds, which by (ii) yields ((33)) . 

(ui)^(i) Consider the *-semigroup © = 91+ (which is operator semiperfect due 
to Remark 7 and Proposition 23 in [55] ). the linear space V = f^(S') and the sets 
T = Z+ X Z+ and y = Yz (cf. HD)). Define the mapping <P : T S {V) hy 

<P{m, n){f, g) - (5"7, ^".9) , /, .9 e T^, ("^, ") e T, 

and attach to it the linear mapping A<i,^y ■ VriX) ^ ^{T-^) via formula (fT^ . Then a 
simple calculation based on Lemma [5] shows that (iii) is equivalent to the complete 
f-positivity of A^^y- Applying implication (iv)^(i) of Theorem 1141 and implication 
(iii)^(i) of [55) Theorem 37] with = ^ completes the proof. □ 

7. Unitary dilation of several contractions. In what follows >c stands for 
a positive integer. Set Z_ = — Z_|_. Denote by Z^, Z^, Z^ and the cartesian 
product of >c copies of Z, Z_|_, Z_ and T, respectively. For simplicity, we write for 
the zero element of the group Z*'. Observe that Z^ U = Z^ only for x = 1. Let 
7-*(T^) stand for the linear space of all functions p: ^ C of the form 

(35) p{z) = E ^ ^ 

where {aa^a^" is a finite system of complex numbers, and z" = z^^ ■ ■ ■ z'^" for 
z = (zi,...,z^) e and a = (ai,...,a^) G Z^. The members of P(T^) 
are called trigonometric polynomials in >f variables. A trigonometric polynomial 
p vanishes on if and only if all its coefficients Oa vanish. Given T C Z^, we 
denote by VtC^^) the linear space of all trigonometric polynomials p G 7^(T^) 
of the form ([35]), where = for all q G Z^ \ T. We abbreviate Vz'^ It'^) 
to 'P+(T^) and Vz^uzzi^'') to 'P±(T^). One can think of members of V+iT'^) 
as analytic trigonometric polynomials. A nonempty subset Y of T*^ is said to 
be determining for V{T^) (respectively: V+(T^)) if each trigonometric polynomial 
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p e 7'(T^) (respectively: p E 7'+(T^)) vanishing on Y vanishes on the whole set 
T^. Note that any infinite subset of T is determining for V{T). 

Lemma 30. A subset Y of is determining for V(T'^) if and only if it is 
determining for V+{T'^). 

Proof. This is clear, because for every p E P(T^), there exists n E Z+ such 
that the trigonometric polynomial z" . . . z^p{zi, . . . , Zj^) is analytic. □ 

Let A = (^1, . . . , A;^) be a >?-tuple of bounded linear operators on a complex 
Hilbert space H. Define the family {A^"' : aEZ'^U Z1} by 




a E Z'^, 
a E TLI. 



For a E we replace A'"' by the standard multi-index notation A". Fol- 
lowing |64i page 32], we say that a >!r-tuple A has a unitary power dilation if 
there exists a complex Hilbert space JC Z) Ti. (isometric embedding) and a >f-tuple 
U ^ (Ui, . . . , Ui^) of commuting miitary operators on K, such that 

A"=PJ7"|^, a Ell, 

where P stands for the orthogonal projection of JC onto H. Such U is called a 
unitary power dilation of A. The proof of the following fact is left to the reader. 

Lemma 31. IfU is a unitary power dilation of A, then the operators Ai, . . . , A^^. 
commute if and only i/ A^"! = PU"]^ for all a e Z^^ U Z^. 

We are now in a position to formulate necessary and sufficient conditions for a 
j<-tuple of bounded operators to have a unitary power dilation. Theorem [35] below 
is related to characterizations of families of operators having unitary power dilations 
given in |561 Corollary 6] (see also [351 Lemma 1] for another formulation which 
does not appeal to the boundedness of A; in fact, one can easily write a version of 
Theorem [32] for operators which are not a priori assumed to be bounded). Different 
approaches to the problem of the existence of unitary power dilation have recently 
appeared in |65| and [2]; however, the solutions proposed therein are not written 
in terms of operators in question. 

Theorem 32. If A = [Ai, . . . , A^) is a x-tuple of hounded linear operators 
on a complex Hilbert space Ti and Y is a determining set for V+{T'^), then the 
following conditions are equivalent: 

(i) A has a unitary power dilation and the operators Ai, . . . , A^ commute, 

(ii) for every finite system {a]^^ : i, j = 1, . . . , m, a £ Z^ U Z^} C C, if 

m 

then 

m 

(37) E E aJ;-' (A^"' >o, fi,...,f^En, 

i,j = l QGZ^f UZ^ 



30 



D. CICHON, J. STOCHEL, AND F. H. SZAFRANIEC 



(iii) for every finite system {a^-' : i, j = 1, . . . , m, a G 'Z'^ U Z'!} C C, if there 
is a finite matrix [^i,;]™ ijLi with entries in'P+{T^) such that 
k 

(38) «ji'A" =^<zu(A)^;7A), \eY,i,3 = l,...,m, 

a^ZIUZI 1=1 

then (j37p holds. 

Proof. Without loss of generality we can assume that F is a determining 
set for ■p(T*') (cf. Lemma 15(1)) . In what follows, we regard Z*^ as the *-semigroup 
equipped with coordinatewise defined addition as semigroup operation and involu- 
tion a* = —a, a G Z^. In turn, is regarded as the multiplicative ^-semigroup 
with coordinatewise defined multiplication as semigroup operation and involution 

[zi,...,z^)* = (zi, . . . ,z,t), (zi,...,z^) G T"^. 

It is easily checked that the dual ^-semigroup Xz^ of Z^ can be identified alge- 
braically with the ^-semigroup via the mapping 

(39) Xz>< (X(ei),...,x(e^)) GT-, 

where = ■ ■ ■ G Z^ {5ij is the Kronecker delta function). Under this 

identification, a is given by 

S(z) = z", z = (zi,.. .,z^) G T'", a G Z'", 

which means that the notation V{T'^) introduced at the beginning of this section 
is consistent with that for *-semigroups in Section [U and that F is a determining 
subset of Xz"- It is well known that the ^-semigroup Z*' is operator semipcrfect 
(e.g. see [M] and footnote [3) . Put T = Z^ U Z^f and define <P: T ^ S{H) via 

1>{a){f,g) = (AH/,g), f,geU,aeT. 

In view of Lemma [21] and [561 Theorem 3] , the current condition (i) is equivalent 
to condition (i) of Theorem [H] with S = Z'^ and V = H. In turn, the current 
condition (ii) is a counterpart of condition (iii) of Theorem 1141 Finally, by Lemma 
[6l the current condition (iii) is a counterpart of condition (iv) of Theorem I14[ 
because if ([38|) holds for some matrix [gi,;]™ ^f^i with entries in V{T'^), then there 
exists n G Z+ such that all the trigonometric polynomials 

(40) gi,;(zi, . . . , z^) = z" . . . z^gi,;(zi, . . . , z^), zi,...,z^gT, 

are analytic and ([38]) is valid with in place of [ft,;]^" ijLi- Hence, applying 

Theorem [14] completes the proof. □ 

Remark 33. The implication (iii)^(ii) of Theorem[5^can also be deduced from 
[22[ Corollary 5.2]. Indeed, if ([36)l is valid, then for every real £ > 0, the square- 
matrix-valucd trigonometric polynomial Q^^''{X) = X)aez»'uZ'' Qa^°' + slm-, where 
Qa = [aa^]"j=i and /„ = [^*j]™=i, is strictly positive on T^. By 122 Corollary 
5.2], the polynomial Q^"^-* has a factorization by an analytic (in general non-square) 
matrix-valued trigonometric polynomial. This implies that the polynomial Q^^-* 
takes the form which is required in ([38)) (use the tricl^ from the proof of Lemma 



This additional effort comes from the fact that Dritschel's factorization F(X)*F{X) differs 
from the factorization P(A)P(A)* required in l|38|l by the location of the asterisk. 
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[SO]) . Hence, by (iii), we have 

m m 

J2 E a:^{A^"^f^Jl)+eY.m'^0, /i,...,/,„GW,e>0. 

ij' = lQGZ^UZ^ i=l 

Passing with e to completes the proof. 

8. The truncated multidimensional trigonometric moment problem. 

The problem in the title goes back to Krein's theorem [36\ on extending positive 
definite functions from an interval to R. A several dimensional version of this is not 
true according to examples of Calderon and Pepinsky |17] (the additive group Z^) 
and Rudin |45| (the additive groups and M^). In this section we concentrate on 
the discrete case. Our result, which is related to [561 Corollary 4], deals with the 
truncated multidimensional trigonometric moment problem on symmetric subsets 
of Z^. 

It was proved in |17j , and independently in |45j , that a finite nonempty subset 
A of Z^ has the extension property (i.e. each complex function on yl — yl which 
is positive definite on A extends to a positive definite complex function on Z^) if 
and only if each nonnegative trigonometric polynomial in Va-a^^'^) is equal to a 
finite sum of squares of moduli of trigonometric polynomials in 7'yi(T^). Recently, 
Gabardo found new conditions under which A has or fails to have the extension 
property (cf. [27] : see also [28j for yl-determinacy and [25L 126] for related ques- 
tions). Clearly, if A has the extension property, then ^^_yi(T^) = S\_j^{T'^) (see 
Section [9] for notation). Note that each difference set T C Z^, i.e. a set of the form 
A — A with some nonempty A C M^, has the property G T = —T. which is re- 
quired in Theorem[34l below. However, not every set T C Z^ satisfying S T = —T 
is a difference set, which can be seen even for k ~ \. Namely, one can show that 
for all integers k, n such that l^k<n — k<n (necessarily n ^ 3 and k < n/2) 
any subset T of Z fulfilling the following conditions 

(i) e r = -T, 

(ii) TcOeZ: bKn}, 

(iii) n — k,n € T, 

(iv) k ^ T and j ^ T for every integer j such that n ~ k < j < n, 

is not a difference set (hint: replace A by yl — minyl). The cardinality of such sets T 
may (and does) vary between 5 and 2{n—k) + 1. There is a simple way of producing 
multidimensional variants of non-difference sets from one-dimensional ones. Indeed, 
if Ti is a non-difference subset of Z and T' is any subset of Z^, then Ti x T' is a 
non-difference subset of Z'^+i (hint: P(yl - yl) = P(yl) - -P(^), where P(n, a) = n 
for n S Z and a S Z^). Of course, there are non-difference sets which cannot 
be obtained this way, e.g. = 2 and T = {(0, 0), (1, 0), (-1,0), (1, 1), (-1, -1)}. 
Summing up, our solutions of the truncated trigonometric moment problem given 
in Theorem 1341 below allow for much more general truncations, even in the case of 
finite data T. Surprisingly, the infinite set Zi^UZ^, playing a pivotal role in Section 
[71 is a difference set. Indeed, if Z_|_ 9 n i-^ q;„ G Zi^ is any surjection with ag = 0, 
then Z^^ U Z!' = yl - yl with 

A = {ao + . . . + an: n e Z+}. 

Another (more explicit) choice of yl for >r = 2 is illustrated in Figure 2. 
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Figure 2. An example of A such that Z+ U = A ~ A. 
We now go back to solving the truncated trigonometric moment problem. 

Theorem 34. Assume that T is a subset of such tha^ G T = -T, and 
Y is a determining set for V+{T'^). If {ca}aeT is a sequence of complex numbers, 
then the following conditions are equivalent: 

(i) there exists a finite positive Borel measure fj. on such that 
(41) Ca= [ 2"d^(z), aeT, 

(ii) X^qgt '^aCa J? for every finite system {aa}aeT of complex numbers such 
that X^qst ^a-^" ^ /o'' 0,^1 z g T^, 

(iii) 'Y^^^rp OaCa ^ for every finite system {aajagT of complex numbers 
for which there exist finitely many analytic trigonometric polynomials 
qi,...,qk e V+{T'^) such that J^aer'^az"' = Z]j=i kjl^)^ for all z eY. 

Proof. We can argue essentially as in the proof of Theorem [32] using Theorem 
Uni instead of Theorem [H □ 

It is worth mentioning that Proposition[21]can be easily adapted to the present 
context. We say that a locally convex topology r on the linear space 'P±{T'^) (cf. 
Section [7]) is evaluable if the set of all points A S for which the evaluation 

V±{r)3p^p{X) e c 

is T-continuous is dense in T^. Given Y C T^, we denote by I^'^{Y) the set of all 
trigonometric polynomials q G V±{T'^) for which there exist finitely many analytic 
trigonometric polynomials qi, . . . , (?„ G 7^+(T^) such that 

n 

g(z) = ^|9,(z)^ z&Y 
Arguing as in the proof of Proposition [Ml with p^ G 7'±(T^) given by 
Ve{z) = ^ |zj-Ajf -e^ = 2x- - ^XjZj-^XjZj'^ , z = {zi,...,z^) G T^, 

where (Ai, . . . , X^) G T'* \ Y , we are led to the ensuing result. 



This is the explicit form of eondition II14I I under the circumstances of the *-semigroup . 
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Proposition 35. Let Y be a closed proper subset ofV^ which is determining 
for V+{T'^) and let t be an evaluable locally convex topology on V±{T'^). Then 
there exists a trigonometric polynomial p G 7'±(T^) which is nonnegative on Y and 
which does not belong to the T-closure of S^{Y). In particular, p is not in i7^(y). 

Note that if a trigonometric polynomial p £ 'P{T) ~ V±{T) is nonnegative on T, 
then by the Fejer-Riesz theorem there exists an analytic trigonometric polynomial 
q G V+{T) such that p{z) = for aU z G T. 

9. Approximation. In this section we intend to apply our approach to ap- 
proximating nonnegative polynomials by sums of squares of moduli of rational func- 
tions. The method presented here could be a fertile source of other approximation 
results of this kind. 

Let T be a subset of Z_|. x Denote by Z!^{C) the set of all polynomials q G 
Ct[z, z] for which there exist finitely many rational functions qi, . . . ,qk G C<n^ {z, z) 
such that q{z,z) ~ kil^i^)!^ f^ii' ^ ^ C*. Let ^^(C) stand for the set of 

all polynomials q G Ct[z,z] such that q{z,z) ^ for all z G C. We shall regard 
U^{C), ^^{C) and Ct[z, z] as sets of complex functions on C. Given p G C[z, z] of 
the formp(z,z) = J2m.n^o'^m,nz"^z" , we set ||p||co = max{|a,„,„|: m,n^ 0}. The 
function || • ||co is a norm on C[z, z]. Recall that the finest locally convex topology 
on a linear space V is given by the family of all scminorms on V. 

Proposition 36. Let T be a subset ofZ+ x Z+ such that {n,m) G T for all 
{m,n) G T, and {n,n) G T for all n G Z+. Then the set S^{C) is dense in 3^^{C) 
with respect to the finest locally convex topology r on Ct[z, z]. In particular, this is 
the case for the topology of uniform convergence on compact subsets of C and the 
topology given by the norm \\ ■ \\co- 

Proof. It only sufhces to discuss the case of the finest locally convex topology. 
We regard C[z, z] as a ^-algebra of complex functions on C with involution q* {z, z) = 
g(z, z) for z G C. Since the set T is assumed to have a symmetry property, we 
see that Ct[2,z] is a vector subspace of C[z,z] such that q* G Ct[^,^] for every 
q G Ct[z, z]. It is then clear that 

SUQ C ^+(C) C Ct[z, z]„ = {q G Ct[z, z]:q^ q*}. 

Suppose that, contrary to our claim, there exists qo G ^^{C) which docs not 
belong to the r-closure of Z!^{C). By the separation theorem (cf. |46[ Theorem 
3.4 (b)]), there exist a real-linear functional A: Ct[z, z] — > R and 7 G M such that 

(42) Aiqo) <J^A{q), qeSUC). 

Since U^{C) has the property that tq G S^{C) for aU q G U^{C) and t G [0, 00), 
we deduce from that 

i(go) < qeSUC), 
Define A: Ct[z,z] C by 

A{q) ^ A{^tq)+iA{3mq), qeCriz^z], 

with yieq = {q + q*)/2 and 3m q == {q — q*)/{2i). It is easily seen that yl is a 
complex-linear functional such that A{q) = A{q) for all q G Ct[z,z]^. Hence, in 
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view of the inclusion {qo} U S^{C) C Ct[z, we have 

(43) Aiqo) < < Aiq), q G SUQ- 
Since A is of the form 

A{q) = ^ Pm,nCm,n for q <^ <Ct[z , z] : q{z , z) = ^ p„,„z™z", 

(m,n)er {m,n)eT 

where {cm,n}(m.n)eT is a system of complex numbers uniquely determined by A, 
we deduce from the weak inequality in (|43|) and implication (v)=^(iv) of Theorem 
[201 that A{qo) ^ 0, which contradicts the strict inequality in ([33]). □ 

Consider now the case of T = = Z+ x Observe that S^{C), the convex 
cone of all polynomials q € <C[z,z] for which there exist finitely many polynomials 
Pi,---,Pn € C[z,z] such that q{z,z) = X]j=i (-^^j foi' ^-U z S C, is closed 
with respect to the finest locally convex topology of C[z,z] (see the proof of [6l 
Theorem 6.3.5]). Evidently, the convex cone 0^^{C) is closed with respect to the 
same topology. It is clear that 

(44) £2^(C)ci:2,(C)c^+(C). 

Owing to the proof of [6] Theorem 6.3.5], ^^(C) is a proper subset of ^^(C). 
Hence, by Proposition [5S1 the first inclusion in is proper as well. The open 
question whether the second inclusion in (I44|) is proper has already been posed in 
the paragraph preceding Proposition 1241 

Corollary 37. Let 

q{z,z)= a^^nz'"^", zeC, 

be a nonnegative polynomial with coefficients in C. Then for every e > 0, there 
exists a nonnegative polynomial qg, e 17^(0) such that 

q,iz,z)^ J2 at]nZ"'z-, zee {a^^leC), 

Wm.n - aln]n\ ^ sWm.nl, ■m,n £ Z+,m ^ n, 

|am,n - a^lnl < £, m, ngZ+. 

Proof. It is enough to consider the case oi q ^ 0. Since the polynomial q is 
nonnegative, we deduce that the set 

T = {(m, n) eZ+ X Z+: am,n 7^ 0} U {(n, n) : n e Z+} 

satisfies the assumptions of Proposition [351 and q G ^^(C). By this proposition, 
there exists qe € S^{C) such that ||g — Qellco ^ e, where 

e = s ■ min|l,min{|a„_„|: m,n ^ 0, am,n 7^ 0}| > 0. 

This completes the proof. □ 

We now discuss the case of trigonometric polynomials (see Section [71 for nota- 
tion). Let r be a subset of Z'* and let S^{T'^) stand for the set of all trigonomet- 
ric polynomials q G VtO^'^) for which there exist finitely many analytic trigono- 
metric polynomials qi,...,qk G 7^+(T'^) such that q{z) = kj(^)P fo'^ 
z G T^. Denote by ^^(T^) the set of all trigonometric polynomials q G VtC^'^) 
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such that q{z) ^ for aU z £ T^. Given p £ 'P(T^) of the form we set 

IIpII^q = maxllaal : a E Z^}. It is clear that || • \\'^^ is a norm on 7'(T^). 

Arguing as in the proof of Proposition [551 (using Thcorcm l34l instcad of Theorem 
I20p . wc get another approximation result. 

Proposition 38. Let T be a subset o/Z^ such that £ T = -T. Then the 
set IJ^{T'^) is dense in ^^{T'^) with respect to the finest locally convex topology 
on VtC^'^)- In particular, this is the case for the topology of uniform convergence 
on T'^ and the topology given by the norm \\ ■ \\[.^. 

Corollary 39. Let 

q{z) = ^ ^ T^"' 

be a nonnegative trigonometric polynomial with coefficients in C. Then for every 
e > 0, there exists a nonnegative trigonometric polynomial E (T^) such that 

|a„-a(f)| <e|a„|, a e Z^ \ {(0, . . . , 0)}, 

and 

(45) laa-ai^^Ke, a e Z". 

Proof. It is enough to consider the case of g 7^ 0. Since the trigonometric 
polynomial q is nonnegative, we see that the set T = {a e Z"^ : 7^ 0}U{(0, . . . , 0)} 
satisfies the assumptions of Proposition [38l and q S ^^(T^). By this proposition, 
there exists qe E S'^iT'^) such that ||(7 — g^jj^Q < £, where 

e = e- min|l,min{|a„| : a G Z"^, 

This completes the proof. □ 

For the case of T = Z^ it is well known that (T'^) \ S'l^ (T^) 7^ if 
XT ^ 2 (cf. [47[ page 51]). Recently Dritschel proved that each (strictly) positive 
trigonometric polynomial in ViT'^) belongs to S'^^iT'^) (see |22[ Corollary 5.2] 
where operator valued trigonometric polynomials are considered; see also |29j for 
related questions concerning scalar trigonometric polynomials in two variables). 
The proof of Dritschel's result is based on his Theorem 5.1 which in the scalar case 
coincides with the major part of our Corollary [35] (except for (|45p ). 

10. The truncated two-sided complex moment problem. Let 3 stand 
for the ^-semigroup (Z x Z, +, *) with coordinatewise defined addition as semigroup 
operation, and involution (m, n)* = [n,m). Given a subset T of 3, we denote by 
i^y(C*) the set of all rational functions q E Ct(z, z) for which there exist finitely 
many rational functions qi,. . . ,qk E Cj,{z,z) such that q{z,z) = 
for all z € C*. Let (C*) stand for the set of all rational functions q E €.t{z, z) 
such that q{z,z) ^ for aU z E C*. We regard Z'|,(C*), ^^'^(C*) and Ct{z,z) 
as sets of complex functions on C*. Given p E C3(z,z) of the form p(z,z) = 
I]m,nez we set ]|p||co = max{lam,„l: m,n E Z}. The function || • ||co is 

a norm on <C^{z,z). 
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It was proved by Bisgaard (cf. [7]) that the ^-semigroup 3 is semiperfect (m 
fact, as noted in |55( Theorem 24], 3 is operator semiperfect). This result enables 
us to apply our machinery. Below, we formulate counterparts of Theorem (a 
shorter version). Proposition 1361 and Corollary [37l Their proofs are analogical. 

Theorem 40. Let T be a symmetric subset of^ (i.e. (rt, m) G T for all (m, n) G 
T) containing the diagona^^ {(n,n): n G Z}, and let Z C C* be a determining set 
for C[z, z]. Then for any system of complex numbers {cm^n}{m,n)eT, ihe following 
conditions are equivalent: 

(i) there exists a positive Borel measure fi on C* such that 

Cm,n= z™z"//(dz), (to, n) G T, 
Jc, 

(ii) I](m,n)eTP™,"Cm,n ^ for cvery finite system {pm,n}{m,n)eT C C such 
that I](TO_„)gTP™."^™^" ^ z €C„, 

(iii) I](m,n)6TP™,"Cm,ri > for cvcry finite system {pm,n}{m,n)&T C C for 
which there exist finitely many rational functions qi,...,qk G C-^(z,z) 

such that J2(ni.n)GTP-m,nZ"^z" I]j = l ^) P f"^ Z G Z. 

Proposition 41. Let T be as in Theorem\^ Then the set S^{C^) is dense in 
^^(C*) with respect to the finest locally convex topology on Cxiz, z). Ln particular, 
this is the case for the topology of uniform convergence on compact subsets of C* 
and the topology given by the norm \\ ■ ||co- 

Corollary 42. Let 

q{z,z)= ^ flm^nZ^z", z G C*, 

be a nonnegative rational function with coefficients in C. Then for every e > 0, 
there exists a nonnegative rational function q^ G 17^(0,) such that 

q,iz,z)^ J2 ^eC, (a(t)„GC), 

|am,„ - a^)„| ^ £, m,n€Z. 

Yet another proof of Proposition UT] consists in deriving it from Proposition 
1551 In turn, CoroUarv can be deduced directly from Proposition HT] However, 
Theorem HHl docs not seem to be an easy consequence of Theorem [501 

11. Concluding remarks. A result of Bisgaard (cf. [71 llOj ) states that the 
Cartesian product of two ^-semigroups one of which is (operator) perfect and the 
other (operator) semiperfect is (operator) semiperfect. This fact can be applied 
to ^-semigroups (operator perfect) and (operator semiperfect). Employ- 
ing our method in this particular context we obtain appropriate results for mixed 
polynomials 



Again, as noticed in footnote 1101 this is the form condition (I14I I takes now. 
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Fortunately, there is a variety of ^-semigroups which are semiperfect or opera- 
tor semiperfect, and for which we can find convenient description of their dual 
^-semigroups and Laplace transforms (see e.g. [6l [131 ESI US [H [H HH [24l [57]). 

As we now show, a finitely generated ^-semigroup with unit can be modelled 
as a quotient of the ^-semigroup Zj^ x Z^. which gives rise to yet another way of 
describing its dual. Suppose that a commutative ^-semigroup 6 with unit is finitely 
generated. Then there exists a finite system e = (ei, . . . , e^^) of elements of S such 
that the mapping 

# = : X Z^^ 9 (a, 13) ^ e"e*'' € e 

is a surjection, where e" = e"^ . . . e'^" and e*^^ = el^^ . . . e*J^'' with a ~ (ai, . . . , q;>c) 
and P — (/?!, . . . , P^). Let us regard = Z^ x Z^ as a *-semigroup with coor- 
dinatewise defined addition as semigroup operation and involution (a, /?)* ~ {f3, a) 
for a, (3 £ 1/^. Then is a *-epimorphism of ^-semigroups, and consequently the 
relation R = B4, on defined by 

{a,f3)R{a',f3') if <P{a, (3) = -Pia' , P') 

is a congruence. As a consequence, the ^-semigroup & is ^-isomorphic to the 
quotient ^-semigroup 91>t/i? (consult |34[ Theorem LI. 5]). This means that the *- 
semigroups '•Jl^/ R, >«: ^ 1, are model ^-semigroups in the category of finitely gener- 
ated *-semigroups. We now describe the dual *-semigroup of the model ^-semigroup 
0^>c/i?. In what follows, we regard as a *-semigroup with coordinatewise defined 
multiplication as semigroup operation and involution (zi, . . . , z^)* = (zi, . . . , z^). 
First, note that the set 

g-i? = {z e C^: z'^z'^ = z'^'z^' whenever (a, /?)i?(a', /?')} 

is a *-subscmigroup of C^. It is a matter of routine to verify that the mapping 

(46) Ji? ^Xrn^/H, !f'(z)([(a, /?)]«) = z^z'^ for (a, /?) e D1^, z e 

where [(a,/3)]ij is the equivalence class of (a,/3) with respect to the relation i?, is 
a *-isomorphism of *-semigroups (hint: the mapping 9 z 1— > i^Sz € 3£<yi^, where 
ipz{a,P) = z°'z^ for (a,/3) e 0^,^, is a ^-isomorphism of ^-semigroups). Applying 
the measure transport theorem to (|46p . one can rewrite the integrals sd^ that 
appear in the conditions (ii) of Theorems 1141 and 1151 in the form ^ z°' z^ d^{z) 
which resembles the solution of the multidimensional complex moment problem. 
However, the example of the ^-semigroup in Section [5| shows that this general 
approach is not always efficient. 

Appendix 

First, we recall the Riesz-Haviland theorem which completely characterizes 
multidimensional real moment sequences (cf. [30^ I31j ; see also |44j for the earlier 
solution of the one-dimensional real moment problem) . Below La is a unique linear 
functional defined on the linear space of all complex polynomials in >c indetermi- 
nates given by La{x'^) = an, n € Z^ (with standard multiindex notation). Like- 
wise, Lf. appearing in Theorem B is determined by Lc(z'"z") = Cm,n, (rn,n) S Z^. 

Theorem A. If a — {an}nGZ^ is a sequence of real numbers and Z is a closed 
subset ofW^, then the following conditions are equivalent: 
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(a) there exists a positive Borel measure fi on such that 

On = J x'^dfi{x), n e Z^, 

(b) La{p) ^ whenever p is a complex polynomial in k indeterminates such 
that p{x) ^ for all x £ Z. 

Next, we formulate the complex variant of the Riesz-Haviland theorem. It can 
be deduced from Theorem A (with = 2) in an elementary way as indicated below. 

Theorem B. If c ~ {cm,n}m n=o '■^ sequence of complex numbers and Z is 
a closed subset of C, then the following conditions are equivalent: 

(a) there exists a positive Borel measure fi on C such that 

z™z"/i(dz), m,n^O, 

(b) Lf.{p) ^ whenever p is a complex polynomial in z and z such that 
p{z, z) ^ for all z €z Z . 

Now we relate the two-dimensional real moment problem to the one-dimensional 
complex moment problem. It will be done much in the spirit of [551 Appendix], 
though by more elementary means. The same proof works in the multidimensional 
case. 

For every (m, n) e Z^, there exist finite systems {a™;"}fc°;^o ^^"^ {PTryTi^o 
of complex numbers uniquely determined by the following identities 

(47) (x + lyTix - iy)" = ^ <i"^'y'. ^.V 

m (^)'"(^)"=E«r-'^'- 

It can be readily checked that 

(49) ^ '=h!j"Pk!i = X! = ^rn,kSn,h kj,m,ne Z+. 

Given a sequence a = {am,n}m.n=o ^ '^^ define c(a) — {cm,„(a)}^ „^o via 

Cm,n(a) = af^ i OkJ- 

By ([i^ the mapping C^+^^+ 3 a t-^ c{a) e C^+^^+ is a linear isomorphism, and 
(50) 

k,l^O 

for all a = {am,n}m n=o C C. Below we identify C with R^. 

Proposition 43. Let Z be a subset ofC Then a sequence a = {am.n}m,n=o ^ 
R satisfies the condition (a) {resp. (b)) of Theorem A with x = 2 if and only if the 
sequence c(a) satisfies the condition (a) {resp. (b)) of Theorem B. 

Proof. If — a;'"y"d/i(a;, y) for all m, n G 2+, then 
Cm,n{a) = ^ a";"aA:j = / ^ a^f^ x'' y' dfi{x , y) ^ / z"'z"dn{z). 
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Conversely, if c(a) is a complex moment sequence with a representing measure /x 
on Z, then 

which completes the proof of the equivalence of both conditions (a) . 

Similar calculation based on (|47p . ((48|) and ([50|) justifies the equivalence of the 
conditions (b). □ 

Since the positive functional La given by a complex sequence a = {am,n}m n=o 
is automatically Hcrmitian (i.e. La{p) = La{p)), the sequence a is necessarily real. 
This allows us to deduce Theorem B from Theorem A and Proposition 1431 
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